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This book is chiefly an expansion of a syllabus on 
the subject drawn up for the use of the Cadets of the 
Eoyal Military Academy, by Professor Ceoiton, P.E.S. ; 
and on this syllabus the author based his lectures^ the 
substance of which is here printed. When called away 
very unexpectedly to the Oxford Military College, it 
seemed to him undesirable that the labour expended^ 
and the experience acquired, in organising this course 
should be lost ; and consequently this little volume was, 
under piessure of many other engagements, drawn up 
so as to he ready for use at the commencement of the 
following term. Although the subject is treated speci- 
ally with reference to the studies at the Royal Military 
Academy, still the book may be found more generally 
useful; and the author has accordingly resolved to 
publish it. 

A very brief geometrical treatment of the properties 
of the Parabola, Ellipse, and Hyperbola has been added ; 
so that a short Course of Geometrical Conies may be 
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read independently of, or before commencing, the Ana- 
lytical treatment of the subject. This seems desirable, 
as, with a previous Geometrical knowledge of the curves, 
the pupil commences the Analysis with a distinct notion 
of what he is to learn; and Analytical methods, if studied 
without any reference to Pure Geometry, are apt to 
degenerate into mere manipulation of symbols without 
any real ideas attached to them. 

An Appendix has been added containing a few of the 
more important elementary problems and theorems of 
Plane and Solid Geometry which are of frequent appli- 
cation ; and sufficient hints have been given to enable 
the student who has finished Euclid to resolve them. 
This is independent of the rest of the work, and may 
be used first. 



JAMES WHITE, 



Woolwich ; 

Januart/f 1878. 
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CHAPTER L 

POSITION OF A POINT ON A PLANE. 

1. Ant attentive learner of Eaclid and elementary 
Algebra will have perceived a connection between them. 
Very often the same facts are proved in each. For 
example, most of the propositions of the Second Book of 
Eaclid can be proved by Algebra, and in an easier and 
more expeditious manner than by Geometry. It is easier 
to see that (a4-5)" = a'-f 6*f-2a&, or that (a-&)» = 
a'-f &'— 2a6, than to prove the 4th or 7th proposition 
of the Second Book of Eaclid. Bat while algebraical 
methods are asaally more rapid, and more easily applied 
to given cases, than geometrical, the latter have this ad- 
vantage, of conveying ideas more real — giving pictures to 
the mind of what the fact stated actually means. Any one 
can judge of this by comparing the geometrical and alge- 
braical proofs of the above-mentioned propositions of the 
Second Book of Eaclid ; and for a student of Mathematics 
the knowledge and use of both methods is essential. 

However, it would appear at first sight that the use of 
algebraical methods must be limited to those propositions 
which concern quantity only, and could not be applied to 
investigate the other properties of figures. This would be 
true were it not that means had been discovered of repre- 
senting those other properties — position, direction, and 
form — by algebraical symbols. By this the methods of 
Algebra, with their greater generality, easiness of applica- 
tion, and facility of working, can be applied to purely geo- 
metrical questions ; and many propositions which would be 

B 
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most difficult or impossible to pure Geometry can thus be 
easily solved. 

Thist which must be classed among the discoveries 
that have very greatly extended the boundaries of human 
knowledge, is sometimes called Cartesian Geometry, from 
its chief originator, the illustrious French philosopher, Des 
Cartes. It is also called Analytic Geometry, because it 
commences its investigations by supposing the thing done, 
or, in other words, reasons from the conditions given to 
some already known ; and it is called Coordinate Geometry, 
from the means used to denote algebraically position and 
direction. 

2. These means are as follows : — 

In a plane, let a fixed point and two fixed straight lines 
intersecting through it be taken, 
and then the position of any 
other point in that plane can be 
expressed algebraically in refer- 
ence to them. This fixed point 
is called the origin, and the two 
straight lines the axes. Let 
be the origin, and OJT and OY 
the axes : OX is called the axis 
of X, and OT the axis of y. 
The position of any point P in the plane, and within 
the angle XOT, can be denoted thus : Go a certain 
distance (a) along the axis of x, and then a certain 
distance (h) in the direction of the axis of y (^. e., 
parallel to it), and that brings you to the point. It is the 
same as saying in the ordinary language of life, " Go so far 
to the right, and then so far to the left." The distance (a) 
in the direction of the axis of aj is called the x of the point P, 
or the abscissa of the point ; and the distance (&) in the 
direction of the axis of y is called the y of the point, or its 
ordinate ; and the abscissa and ordinate are together called 
the coordinates of the point, whence the name Coordinate 
Geometry. The point P is called the point whose coordi- 
nates are a and h\ or it may be denoted by the two equa- 
tions x=ay y=zb ; it is often, for brevity's sake, termed the 
point a, b. 
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3. For any point within the angle X'OTthe abscissa is 
xneasared in an opposite direction to that for a point within 
XOY, while the direction of the ordinate is the same, 
therefore a negative sign is given to the x or abscissa. 
Thns the coordinates of the point Pj (corresponding to P) 
are » = — a, y^=h. 

For any point within the angle S!OY' the coordinates 
are both measured in the opposite direction from those 
taken as positive in the first case, and therefore both will 
be negative. Thns the coordinates of P, are aj = — a, 
y = — 6. And it will be seen that, for a point within the 
angle XOY, the x will be positive and the y negative : the 
coordinates of P, are x^=a, y=z — h. 

The reader will perceive that any real value, positive or 
negative, of x, and another real value, positive or negative, 
of y, being given, some point is by them denoted in the 
plane in which the origin and axes have been taken. It 
will also be easily seen that the equation a;=a must denote 
a straight line parallel to the axis of y, and at a distance 
from it (measured parallel to the axis of x) equal to 0, be- 
cause for any point in that line x must be equal to a. Also 
x =—a represents a line also parallel to the axis of r/, and 
at the same distance from it, but at the other side of the 
origin. Similarly, y=&, y = — 6 represent lines parallel 
to the axis of x. The intersections of these lines give the 
four points P, Pj, P^, P^, whose coordinates are respec- 
tively x=a,y=zb; x =—a, y=&; » = — a, y = — 6; aj=a, 
y=z—h. 

The axes may be taken intersecting at any angle. In 
general, it is most convenient that this should be a right 
angle, in which case it is said that rectangular coordinates 
are used. But sometimes oblique-angled coordinates may 
be used with advantage. Where it is not otherwise stated, 
rectangular coordinates are generally implied. 

4. Another system of Analytic Geometry is used, which 
is called polar coordinates. 

In this method the position of a point in a plane is fixed 
by the length of a line from it to a fixed point in the plane, 
called the origin, and by the angle which that line makes 
with a fixed line through the origin, called the initial line. 
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The line from the point to the origin is called the radius 
vector^ and the angle which it makes with the initial line is 
called the vectorial angle ; the radios vector being generally- 
denoted by r, and the vectorial angle by 6. Thns, let be 
the origin, OL the initial line, and P any point, its polar 
coordinates are r = OP^ d = LOF, These being given, the 
point is evidently fixed. 

If the vectorial angle is greater than two right angles, 
the angle by which it exceeds 180° 
may be nsed if r is taken with a 
negative sign. Thns, let Pj be a 
point taken in the production of 
OF through the origin. Let OF^ 
= OF = a ; then the polar coordi- 
nates of Pi are d = 180° H-iOP, 
and r = a, or = LOPy r = -— a: 
r is in this latter case taken negative, for it is measured in 
the opposite direction from the origin to that direction used 
in determining the vectorial angle 6, 

6. Polar coordinates may be very simply connected with 
rectangular coordinates. Take the initial line as axis of a^ 
and a line perpendicular to it through the origin as axis 
of y. Then it is evident that the ordinate of the point y 

= r sin 0, and the abscissa a; = r cos 0, and r = vV+y". 
The relation may be thus expressed : 

r» = aj'+y', = tan-*-^. 

By these equations the rectangular coordinates of a point 
may be easily turned into the polar coordinates, or vice 
versa. 

6. The distance between two points can be easily ex- 
pressed in terms of their coordinates. 
Let A and B be two points whose 
coordinates are respectively x^ y^ 
and a^, y^. Draw AG parallel to the 
axis of X, meeting y, in 0; then, the 
axes being rectangular, 

Aff^AC-^-CB^ 
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If the axes are obliqae, let tbe angle between tbem be a» ; 
then the angle AGB is 180°— w ; therefore 

Aff = AO'+GS'- 2A0 . GB cos AGB 

= (»i-«i)'H-(y8-yi)'+2 (a?2-«i) (ys-yO cos«. 

In polar coordinates, let OA, the radius vector of the 
point A, be r^, and its vectorial angle 
01 ; let OB^ the radius vector of B, 
be r,, and its vectorial angle O^; then 

AB^=OA* + OB^ 

—WA . OB cos AOB, 
i, e., ^=zr\ + r^— 2r^r^ cos (^i— ^s)- 

The distance of a point from the origin may be found by 
making the coordinates of one of the points in the above 
expressions both 0. With rectangular axes it is manifestly 
the square root of the sum of the squares of the coordinates 
of the point. 

7. It is very useful to know the rule for finding the co- 
ordinates of a point which divides in a given ratio the line 
joining two points whose coordinates are given. In this 
case the reasoning and result are equally applicable to 
oblique-angled and rectangular axes. Let the coordinates 
of the points A and B be x-^, y^ and 
^S) Vii ^^ before ; let the proportion 
in which the line joining them is 
divided be m : n, and the required 
coordinates of the point D be x,y\ 
draw AG parallel to the axis of Xy 
meeting y in U, From this, 

AE : EG=z AD '.BG^m'.n, 

therefore "" ^ = — . Solving for x, we find x = — -^ — ^. 
x^—x n m+n 

In like manner, DE : BG = m : m+n =z y—y^ : y^—y^^ 

or m {y^—yO = (m+w) (y— yO ; from this, y = ^^^^' , ^^^ 

If the point is external, the ^Itts sign becomes a mimus in 
these expressions. 
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If the point divides the line equally, m = n, and 
aj = ^(iBj+aJi), and y = J(y2+yi)' That is, the coordi- 
nates of the middle point of a line are each half the snm of 
the respective coordinates of its extremities. 

8. Another problem, easy and useful, is to express the 
area of a triangle in terms of the co- -p. 
ordinates of the angular points. Let 
the coordinates of -4, ^, be re- 
spectively «!, yi ; aj„ y, ; x^, y, : and 
(the axes being rectangular) draw 
ADy BE, and CF perpendicular to 
the axis of x. The area of the tri- 
angle ABG = the trapezium BABE 
+ the trapezium EBGF— the trape- 
zium DAGF. Now the area of the trapezium BABE 
=:\{AB-\-BE)BE. This is manifest, as it may be 
divided into two triangles ABE and ABE, of which the 
bases are AB and BE respectively,, and the common per- 
pendicular is BE, 

Also the trapezium EBGF = \ (BE-^-GF) EF; 

and the trapezium BAGF = i (AB + GF) BF. 

Now AB=:yij BE = y^, GF ^ y^, and BE:=x^ — x^, 
EF = ajj— ajj, BF = x^ — aj^. Consequently the area of the 

trapezium BABE = \ (^1+^2) (^2~"*i) 5 

and of the trapezium EBGF = \ {y^+y^ (^8~^) J 

and of the trapezium BAGF = \ (yi+yj) (««— «i)» 

Therefore the area of the triangle ABG 

= i { (2/1 + Vi) («^-«i) + (2^2 + Vz) (Sh-^) - (yi +2/8) (a^8-«i) } ; 
or (changing the last sign and the order in the last bracket 
for symmetry) 

= H(yi+2/a)(««-»i)+(ys+y8)(«8-«s)+(yi+2/8)(«i-«8)}- 

This can be easily reduced to the form 

J («2yi-«iy8+«8ys-ajsy8+«iy8-«ji2/i)- 

This is the simplest expression for the area of a triangle in 
terms of the coordinates of its angular points. 
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J£ tbe axes be oblique and inclined at angle uf, tben tbe 
expression must be multiplied by sin u. This is evident, 
for tbe area of eacb trapezium must be multiplied by sin uf. 
(Tbe student can draw the figure.) The perpendicular of 
the two triangles into whicb DABE, for instance, can be 
divided, would be DE sin ut ; consequently its area would 

be J (t/i + y,) (oji - aj,) sin w. 

If the expression within tbe bracket for the area of a 
triangle be put equal to 0, it is the condition tbat tbe 
tbree points A, B, G sbould be in directum ; for the area of 
tbe triangle vanishes. 



Exercises. 

1. Find the polar coordinates of the points whose rect- 
angular coordinates are : (I) a;=l, y = l; (2) 0^=4, y=3; 
(3) a! = l, y = -l. 

2. Find the rectangular coordinates of the points whose 
polar coordinates are : (1) r = 4, = -^ir ; (2) r = —4, 
6 = ^7r; (3) r=-4, = -Jir. 

3. Find the sides of the triangle the coordinates of whose 
angular points are (4, 3), ( — 3, 1), (1, —2). 

[^Ana. v51, 6, 5. 

4. Alsp of the triangle whose angular points are ( 2, 3) , 
(4, -6), (-3, -6). lAns, ^68, v^, %/l06. 

5. Find the lengths of the sides of the triangle the co- 
ordinates of whose angular points are the same as in the 
last example, but the axes being inclined at an a ngl e of 60^. 

lAns, v/52, ^57, -/iSl. 

6. Find the area of the triangle given in Example 3. 

[Ans. ^. 

7. The straight line joining the points (2, 3), (4, —5) 
is trisected : find the coordinates of the two points. 

lAnt. (I. i), (^, -I). 



16 



CHAPTER II. 

EQUATION TO THE STRAIGHT LINE. 

9. Having seen how a point and its relations to other 
points can be represented by algebraical symbols, the 
student must proceed to learn how straight lines and their 
relations can be similarly represented. In one case this has 
been anticipated ; aj = c (where c is any constant) having 
been shown to be a line parallel to the axis of y, and distant 
from it by a length measured parallel to the axis of x equal 
to c. In like manner, y=^k represents a line similarly placed 
with regard to the axis of x. In fact, the coordinates of a 
point x=ia, y=^b are the equations to two straight lines 
parallel to the axes, and the point is their intersection, its 
coordinates satisfying both equations. 

10. The next simplest form of equation to a straight line 
is when the line passes through the origin, y 

In that case y = mx represents the line, 
for it is true for every point on the line, 
and for no other points in the plane ; the 
coordinates of any point P in the line 
having manifestly the same ratio to each 
other. o 

Also, it is evident that w = -^, which in rectangular 

!Kxea = tan XOP, i. e. = tangent of the angle which the 
line makes with the axis of x. 

When a line does not pass through the origin, its equa- 
tion can be found thus : — Draw 
through the origin a line parallel 
to the given line, and let its 
equation bo ^ = mx. Take any 
point P on the given line, draw 
its ordinate FM (which is the y 
of the point, and OM is the x of 
the point). PM = MN+PN. 
'But MNf being on the line 
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ttrongh the origin, = mOif = mx. Therefore y = 7nx+PN, 
and P^= OL, which is a fixed length, being the intercept 
which the given line makes on the axis of y. Calling OL 
c, the required equation is 2/ = mx + c, where, with rect- 
angular axes, m = tan MON, = tan LSO, = tangent of the 
angle which the line makes with the axis of x, &c. = OL, 
= the intercept which the line makes on the axis of y. 

Any equation of the first degree can be turned into this 
form. ^a;+Py + 0= can be written thus : y = — -^^p— >>• 
Consequently it represents a straight line making, with the 
axis of Xy an angle whose tangent is — =, and an intercept 

on the axis of y whose length from the origin is - ^. It 

will be observed that the negative sign to the tangent of 
the angle denotes that the line is inclined to the left instead 
of to the right ; and the negative sign of the indeterminate 
coefficient shows that the intercept on the axis of y is mea- 
sured helow the origin at a distance = = . 

jj 

The student should exercise himself in observing the 
various positions of the line as the signs are varied in the 
general equation Ax -f By -f = 0. 

From this it will be seen that an equation of the first 
degree, whose coefficients are real, always represents soma 
straight line.' It will be afterwards shown that it can only 
represent a straight line. 

When the axes are inclined at«an oblique angle = (i>, then 

m = -^ = -: — -—^ — - where a is the angle the line makes 
X sm (w— a) ^ 

with the axis of x. 

11. Some forms of the equation to the straight line are 
important to be remembered. For example : — 

The equation to a straight line i/n terms of the intercepts it 
makes with the axes. 
Let AB be the straight line, making OA and OB the 
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intercepts on the axes of x and y respec- 
tively ; take any point in it P, and draw 
the ordinate Pif ; then FM^y, OM=x, 
and let the intercepts OA and OB be 
called a and &. From similar triangles 

it follows that -— - = -— — , that is, 

OB AO 

-^ = ; therefore 1- t" = 1> 

a a 

which is the required form of the equation. 

The general equation Ax-\-By-^G = can be brought 

into this form by bringing G to the right-hand side of the 

equation, and then dividing every coeflGicient by C, Then 

A B 
it becomes — -^x —y = 1, which shows that the line 

makes intercepts in the negative sides of the axes equal to 

A B . 

— and — respectively. Comparing it with the equation 

y = mx+c, the same results as those noted in the previous 
article as to the position and direction of the line are ob- 
tained. 

A very easy method of drawing a line whose equation is 
given can be derived from this. Make ^=0, and then the 
intercept on the axis of a; is given ; make a;=0, and the 
value of ^ is the intercept on that axis, and the straight line 
joining these two points is the required one. 

12. From this form of the equation to a straight line 
another very useful form can be de- 
rived, in terms of the perpendicular 
from the origin on the line and the 
angles which it (the perpendicular) 
makes with the axes. Let the length 
of this perpendicular OP = p, and 
the angle AOP which it makes with 
the axis of a; be a, and the angle BOP 
which it makes with the axis of y be /3. The equation to • 

the straight line AB is, as proved above, —+-?-= !• 

a 
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Mnltiplj all the terms of this equation hj jp, which leaves it 
unchanged in signification, and it becomes -^ « + -^ y = i?. 

But -2- = -^r-r = cos AOF = cos a, similarly -^ = cos /J; 
a OA 

therefore the equation becomes x cos a + ^ cos fy r= p. 

The two preceding articles apply to oblique-angled co- 
ordinates as well as rectangrular. But when the axes are 
rectangular in the latter form of the equation, fl = 90° — a. 
Consequently, in rectangular coordinates, the equation to a 
straight line, in terms of the perpendicular and the angle it 
makes with the axis of x, is x cos a + y sin a =z p, 

13. It is very usefal and important to be able to turn 
into this form the general equation Ax + By + G ==0. The 
rule for doing so may be proved thus : — The equation 

— h-r- = 1 niay be written hx+ay =. ah, which is of the 

form ^Ax—By=. G. If they are identical and represent 
the same straight line, then the coefficients are propor- 
tional ; therefore —A : —B = & : a, therefore 

b --A a —B 



and 



ah G 



Referring to the last figure, (the axes being supposed 
rectangular, and AOB a right angle,) it is eviden t that, since 
OL = a, and OJf = ft, LM must be equal to v/a*+.6* (the 
angle at being right). Consequently, 

= — _- = sm BAO = cos a, 



and — ^ = rrr-^ = cos MLO = sin a ; 

and since the area of the triangle LO M = \0 L X OM = \ab^ 
and is also equal to Jp X LM = ^jp . -n/oM^, it follows that 

•' , , = p. Therefore 
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= cos a, — ===- = sin o, and — = jp. 



The general equation Ax+By-\-0 =^0 is turned into the 
required form by the following rule r — C hange all the signs, 

and divide the coefficients by y/A^ + B^. It will be observed 
that (_A_y . ( .^_ V= 1, so fulfiUing the 

condition for representing cos a and sin a. 




POLAR EQUATION OF A STRAIGHT LINE. 

14. Let be the origin, OX the initial line, PB any 
given line whose equation it is 
proposed to find, and B any point 
on that line. Let OB, the radius 
vector, be called r ; and the vec- 
torial angle XOB = 6 ; the per- 
pendicular from the origin on the 
line OP being called p, and the 
augle XOP it makes with the ini- 
tial line a. A relation can be 
easily established between the first 

two of three quantities, which are variable, and the two 
latter, which are for any given line fixed. 

OB cos BOP = OP ; that is, r cos (e—a) = p, 

which is the polar equation of a straight line. 

It will be observed that, when d = 90° -fa, r becomes in- 
finite. K the initial line coincides with the perpendicular 
from the origin, the equation becomes r cos = p. 

This equation can be also obtained from x cos a + ^ sin a =j7, 
by putting for x its equivalent r co? 0, and for y, r sin ; 
then it becomes r (cos d cos a -{- sin sin a) = p, which is 
equivalent to r cos (0— a) = p, 

16. The polar equation can also be derived from the 
general equation, with rectangular axes, Ax+By-\rC = 0, 
by putting for x and y their values r cos and r sin 6^ by 
which it becomes Ar cob 0+ Br sin = — (7. 
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This can be brought back t o the form r cos (O^a) = p 

by dividing it by \/J.'+jB', when it is written thus: 
r (A cos -{- B BiTL 0) = -—G ; for it becomes 

r( ^ 0086+ ^ - sinO) = ""^ ; 

therefore this is equivalent to 

r (cos a cos + sin a sin 0) szp =. r cos (6— a). 

16. The following forms of the equation of the straight 
line have been given. The student should make himself 
familiar with them and their proofs and relations to each 
other : — 

(1) X = constant, y = constant. 

(2) y = mx. (3) y = mx+c, 

(4) Ax+By-^-C^O. (5) -|-i-| = 1. 

(6) X cos a + y cos fi =z p. (7) x cos a + y sin a = j?. 
(8) r cos (O—a) = p. (9) r cos = j?. 

(10) r (^ cos + 5 sin 0) = -0. 



Exercises. 

1. Draw the straight lines represented by the equations 
y=Sx + l, 62/-4aj = 0, 3aj— 2y+6 = 0, -JaJ+iy = 2, 
2aj + i/ = 0, = i^, = 1, tan (0-45°) = 1. 

2. Find the angles made with the axis of or, and the in- 
tercepts on both axes made by the straight lines whose 
equations are 2ar— 7y = 2, 3y— 4fl; = 6, 4a^—bx = 20. 
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CHAPTER III. 

PROBLEMS ON THE STRAIGHT LINE. 

17. To find the coordinates of the point of intersection of 
two straight lines whose equoMons are gwen. 

Solve the two equations as two simple equations with 
two unknown quantities ; the resulting values of x and y 
are the coordinates of the point required. For, as these 
coordinates satisfy each of the equations, the point they 
represent must be on both the lines, and must therefore be 
their point of intersection. 

18. To find the equation of a straight line parallel to 
another whose equation is given. 

Put the given equation into the form y = fwaj-hc : since 
m is the tangent of the angle the line makes with the axis 
of a;, the parallel line making the same angle with the axis 
of X must have for its equation y = moj -|- Cj. The equations 
of pai^llel straight lines therefore differ only in their inde- 
terminate coefficient. This applies also to oblique-angled 

sin a 



axes, as m = 



sin (w— a) 



19. The equation of a straight line fvlfillvng two conditions 
can always he found. 

Tor, as the equation can always be put in the form 
y = mx-j-Cf or in the form x cos a-^y sin a = j?, by treat- 
ing the coefficients as unknown quantities, two are given, 
to find m and c, or a and p. 

For example, to find the equation of a straight line 
parallel to another straight line and passing through a 
given point : In the first form of the equation m is given, 
and putting in the coordinates x\ y of the given point, the 
value of G is found to be y— rn^\ In the second form a is 
given, and p is found at once to be x cos a + y' sin a. 
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20. To find the equation of a straight line joining two points 
whose coordinates (x\ i/'), (»", y") are given. 

Here at once two equations are given to find the m and c 
of the required equation. The work is as follows : 

subtracting y^^= mx' + c 

y—y =m(aj— a? ) 



the value of m is found to be —, — '—, . 

X —X 

Putting in this value of m in the first equation, we have 

y = % — ^.»+c. 

X —X 

Therefore c = *^ ^ ,/ ■. 

X — X 

The required equatipn is then found to be 

y 

This can be written in the form 



— / // •C ^ f 7f • 

X —X. X —X 



y-y ^ y -y 

x — x X — aj 

which is easily remembered and applied. 

The same may be said for the form, which can also be 

given, {y-y)X''(x--x)y + xy'-xy =0. 

The following form is useful, as showing immediately the 
truth of the equation and some of its applications : 

(oj"- x) (y-y) = (x-x) (/- y). 

On inspection, it is evident that it must represent a 
straight line, and is satisfied by » = » , y = y\ or a? = x\ 
y=^y\ and consequently both the points {x\ /), {x\ y') 
are on the line represented by the equation. The equa- 
tion of a line joining any point aj', y with the origin is 
evidently (making »"= 0, y = 0) yx = xy. 

The form ^ — ^; = ^^.""^ may be very quickly found 
aj— aj aj — aj '' 
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^' ;^' 

thus : — ^By enbtraction as above, m = ;^if_^' Now, if aj, y 

Consequently, these two fractions are equal to each other. 



X — aj 
be any other point on the line, it follows that m = / 

X ■"" X 



21. To find the angle between two straight lines whose 
equations are given. 

Let AO and BG be the lines. The angle between them 

AOB = the angle CAX 

— the angle GBX, 

Therefore tan AGB 

_ tan g^X-tan GBX 
l-ftan O^Zx tan GBX ' 

Let the equation of AG he 
y = wa?-|-c, and the equation of 
BG be y = ffix+ c ; then 

tan GAX = «i, and tan GBX = m. 

Consequently, tan AGB = "" — - . 

l-rfw . w 

From this follows immediately the condition that two 
lines should be parallel ; for tan AGB = 0, therefore 
m^m = 0, that is, m = m\ 

22. To find the condition of a straight line being perpetir- 
dioula/r to another. 

In this case, the tangent of the angle between the two 




lines is infinite ; therefore, in 



m—m 



1+m .m 



/> 



l-\-m . w'=0 ; 



from which m = — 



m 



f* 



If the equation of one line be given in the form 

X cos a -h y sin a = jp, 
the condition manifestly is 

X sin a + y cos a = jp\ 
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23. To find the equation of a straight line which passes 
through a given point, and makes a given angle with another 
given straight line, y = mx + c. 

Since the line passes througli a given point (x\ y), it 

follows (Art. 20) that ^ — —, = m\ Since m' is the tangent 



x—x 



of the angle that the required line makes with the axis of a;, 
that angle must be equal to the given angle (fi) =k the 
angle made by the given line with the axis of x, i. e., the 
angle tan'* m (=a), for two lines can be drawn fulfilling 
the conditions. 

Therefore m = tan (/3±a) = 



The equation therefore is 



1 ^ tan fi . m" 
y—y _ tan I3:hm 
x — x' l=f: tan fi . m 



24. To find the length of a perpendicuh/r from a gi/uen point 
on a given straight litie. 

Let AB be the given line, and P the given point whose 
coordinates are x\ y. Draw the 
ordinate of the point FM^iy, 
and OM = x. From M draw a 
line MN parallel to the given 
line ; let fall PQ, the perpendi- 
cular whose length is required ; 
let it meet MN in JB. Draw the 
perpendicular OT from the origin 
on the given line, and let it meet 
MN in N\ and OT will =|?, and 
MON = a, when the equation of the given line is in the 
form X cos o -|- y sin a = j?. From the figure, 

PQ = PE-f ON-^ OT = FM sin PMN+ OM cos a -p. 

But FMN =^(f-OAB = a. Therefore the length of 
the perpendicular FQ = y sin a + «' cos a — p ; that is, the 
equation of the given line in the form x cos a-fy' sin a— p, 
with the coordinates of the given point put in respectively 
for X and y. This is an important result. 

If the equation of the given straight line be in the 
form Ax'^By-\-G =^0, it must be turned into the form 

c 
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aj COS o + y sin a —p = (Art. 13), by changing all signs, 
so as to make the last term negative, and dividing the co- 
efficients by y/(A^'\-B*), and then putting in the coordi- 
nates of the given point. Thns^ 

X — - y — 



yj^TB" ^^A'-^B' ^/A'+B' 
will be the length of the perpendicular from the point (x, y) 
on the line -4aj + 5y+C=0. If the equation of the 
straight line is in the form y = ?naj + c, the length of the 

perpendicular on it from x\ \f is ^ —» 

vl+wi' 

The length of the perpendicular from the origin, as in 

Q 

that case a?'= and y'= 0, is — ==i . 

^/A^^rB'' 

25. To find the equation of a straight Hive which jpasset 
through the vntersection of two given straight lines. 

This may be done very shortly thus : — If Ax-^-By-^- (7=0 
be one of the given straight lines, and -4'aj+^y-|-(7=0 
be the other, then 

^aj+%+a + h {Ax+B^y-^-C) = 0, 

where h is any constant, must represent a straight line 
passing through their intersection. For it is the equation 
of a straight line, as it can be written in the form 

{A + 'kA')x+{B'\-TcB)y + G'hha=:0; 

and the values of x and y which satisfy the two given 
equations, making them each = 0, must satisfy the third, 
making + ZcO «= 0. Therefore the coordinates of the point 
of intersection of the two lines Ax+By-^-G ^=^0 and 
A'x+By + G'^ must satisfy 

(Ajc+By'hC)+k(Ax+B^y+G')^0. 

An important general principle can bo established im- 
mediately from the foregoing. 

Three (or more) straight lines intersect in the same 
pfiint when the sum of their equations, multiplied respec- 
tively by any constants, is equal to nothing. Upon this the 
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Bystem of abridged notation is founded. If L and L' are 
the equations to two straight lines, L^JcL'zn must repre- 
sent all straight lines through their intersection. 

26. To find the equations of the hisectors of the angles 
between two given straight lines. 

Let the equations be put in the form 

X COS a ■+■ y sin a --p =0, X cos a'.-f y sin a'— p' = ; 

then both bisectors are represented by the equation 

X cos a + y sin a — |? = db a? cos a + if sin a— p\ 

For, each of the two lines this represents must pass 
through the intersection of the given lines ; and as each 
member of the equation represents the length of the per- 
pendicular from a point which satisfies it on the two given 
lines, the lengths of these perpendiculars being always 
equal to each other, the lines i^lfilling this condition must 
be the bisectors of the angles between the given ones. 

If the given equations are in form Ax+Bi/^O =^0 and 
-4'iF-f ^y+(7 = 0, then the equation representing the bi- 
sectors will be 

Aa-^-By + O _ ^ A'x-\-iry+Cr 

The reader will observe, in both cases, that the equation 
which represents the two bisectors represents two lines 
which fulfil the condition of being at right angles to each 
other. 

In the latter case, m becomes 



A y/A'^+B^ + J.V-4H-B* ' 
and m' becomes 

B y/A'^+B'^ - B^y/A^-\-B* 

A 's/A'^+R'-AVa^+B^' 
from which it easily follows that 

A^B^-^A^B^ 



m , tn ^ 



-(A'^S'-A*F*) 



= -1. 
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27. To find the area of a triangle formed by three straight 
lines whose equations are given. 

Let the side AB be formed by the straight line whosd 

equation ib y =^ Tn^x + c^, ejid AG be formed by the straight 

line y = Wjaj + Cjj and BGhj the straight line y = ^,aj+c,. 

The area of the triangle ABG 

= the triangle EAD 

+ the triangle D^-P 

—the triangle EGF 
= iED X aj of point A 

-^-^DFxx of points 

^^EFx X of point G 
(the abscisssB of the points A, B, 
and G being respectively the per- 
pendicnlars of the triangles whose 
bases are ED, DF, and EF). Bnt ED ^c^-^c^, i,e., the differ- 
ence of the intercepts on the axis of y made by the lines 
y = Wiaj + Ci and y ^= m^x + c^. Similarly DF = Ci^c^, and 
EF = c^—c^, and the abscissa of A is found by solving in x 
the equations y z=i niiX-i-Ci and y =: rn^x+c^. Subtract 
them, and we have 

(Wj-- wij) 0? = — (^1— Cj) ; hence x = 




m^ — m^ 



2(m8— rV 



Therefore the triangle 
EAD = lEDxx of ^ = i (c,-ci) x-^*^=^ = Jr^^^^- 

By analogy (for it is not necessary to repeat the work) the 
tidangle 

and the triangle EGF = (/«~^8)\ . 

2(w,— Wj) 

Therefore the triangle 

ABG = (^2"~^i) I (<a — <*8) (C a— Cg) . 

2 (rwi— Wj) 2 (wj—Wi) 2 (m,— tWj) ' 

or, changing the last sign, 

2 (wi— m^ 2 (w^— «»i) 2 («w,— mg)' 
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This may be put in the form 

{ci(ywg--iwa)-hca(ma— m,)+c«(rw^— ^i)}* 
2 (w,-w,) (fw,-mi) (m,-mi) 

It is obvions that, if the three points are in a straight 
line, the nnmerator eqaals nothing (for c^ = c, = c,), as the 
three lines mnst coincide, and so the area vanishes ; and 
if two of the lines are parallel, the denominator becomes 
nothing, that is, the area becomes infinite. 

28. The following examples illustrate how a question 
may be simplified by a judicious choice of coordinates. 

To prove that the three bisectors of the sides of a triangle 
drawn from the opposite angles meet in a point, and are cut 
in that point in the ratio of 2:1. 

Take the angular point A for 
origin, and the sides AB and AO as 
axes of X and y. Calling the length 
of the side BG, a, and ofAB and AG 
respectively e and 5, the coordinates 
of the middle point of BG are mani- 
festly »= Jc, y = J6, and consequently 
the equation to the bisector of BG is 
bx = cy (Art. 20). 

By Art. 11, the equation to the bisector of AB is 

2x y 

— I--— = 1, (c and b being the intercepts it makes on the 
c m 

axes of X and y,) and the equation to the bisector of J. (7 is 

1-^ = 1. Solving these two equations, we at once get 

c 

y ^^b and o; = -|c, which values satisfy the equation to the 

bisector of BG; and also (by Art. 7) prove that the lines 

are cut in the ratio stated. 

29. The three 'perpendiculars from the a/ngular points on 
the sides of a triangle meet in a point. 

Take A as origin, AB as axis of x, and a straight line 
perpendicular to it at ul as axis of y. Let the coordinates 
of be x\ y' \ and let AB = c. The equation to AG is 
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y = -V ^; ajid to ^^ perpendicular on it from B {x=c, y=0) 

is y = — J- (d?— c). The equation to BG, joining the points 

^, . . 
(c,0)and (»',/)> is y = / — (*— <5) > w^d the equation to the 

X — c 

perpendicular on it from the origin is y = — ^^^^ — ^x. 

Equating these two values of y, we get the x of the point 
of intersection of these two perpendiculars from 

y y 

The value of x here is manifestly x\ as it makes hoth sides 
identical. Consequently the ordinate of the point of inter- 
section must coincide with y\ the ordinate of (7, which is 
also the perpendicular from it on AB. 

80. To prove that, if two parallels he drawn to the sides 
of a parallelogra/m, the straight lines joining the points in 
which they meet the sides vjUI intersect on the di^iggnal. 

Let PP and QQ 
be the two parallel 
lines. Take two sides 
of the parallelogram 
AB and AG as axes, 
let their length be a, 
h, and let AQ!= m, 
and AP = n. Then 
the equation to PQ 

joining P (», 0) to Q (a, m) is — ^ = , or 

a>— w a — n 

a/y—ny ^= mx—mn. Likewise the equation to P'Q' joining 

F (», 0), to g (0, m) is ^^ = ^?^; or, ftn-ny 

X — n — n 

= Twaj— 5aj— w»+5n. Subtracting these two equations, 
we get ay=:hx, which must be a line through their inter- 
section (Art. 25), whatever the values of m and n, and 
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which is the equation of the diagonal through A, This 
result, which is here so easily obtained, would present much 
difficulty to Plane Geometry. 



Exercises. 

1. Find the equations of the straight lines joining the 
points (i.) (2, 1) and (3, -2) ; (ii.) (2, 3), and (4, -5); 
(iii.) (2, 5) and (0, -7). 

[Ans. (i.) 3aj+y=7 ; (ii.) aj+2/=ll ; (iii-) y-6aj + 7 = 0. 

2. Find the coordinates of the angles of the triangle 
whose sides are represented by the equations 3^;+^ = 2, 
x+2y = 5, 2x-Sy + 7 = 0. 

[^n^.(|, y),(-l,3)(-^,|f). 

3. Find the equation to the straight line which passes 
through the point (1, 3), and makes an angle of 30 with 
the straight line 2y— a? = 5. 

[Ana. lli/-(8 + 5y3) aj = 5 (5- ^3). 

4. Find the equation to the straight line which is per- 
pendicular to the straight line 4^ + 6x = 21, and cuts the 
axis of y at a distance = 3 from the origin. 

lAns, 5y— 4aj = 15. 

5. Find the angle between the two straight lines whose 
equations are 3aj -f 2y + 1 = 0, 2a?— 3y = 7. [Ana. 90°. 

6. Find the angle between the lines 2j?-|-3y=4, 
3aj-|-4y+ 7 = 0. [Ans. tan"^ ^. 

7. Find, the equation to the bisector of the angle between 
the two lines in last example. 

[Ans. (10-3^13) aj-f(15-4yT3)y = 20 + 7 v/I5. 

8. Find the length of the perpendicular from the point 
(5, 6) on the straight line 3aj-|-4y — 9 = 0. [Ans, 6. 

9. Find the area of the triangle formed by the straight 
lines aj+2y = 5, 2j?+y = 7, y— » = 1. [Arm, |. 

10. Find the area of the triangle formed by the straight 
lines y= 2a;+3, y = 3»+4, y=4a+5. 

[Ans, 0, .*. they meet in a point. 
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11. Given base and difference of sqnares of sides of a 
triangle, find equation to the locus of its vertex. 

12. A straight line is drawn parallel to the base of a 
triangle, and the points where it cuts the sides joined with 
the opposite angles, find the locus of the intersection of the 
joining lines. 

[Ans, — = ■—> where the sides a, b are the axes. 
a 

13. Given the vertical angle and the sum of the sides in 
a triangle, find the locus of a point where the base is cut 
in a given ratio. 

[Ans, x-\-y = — ^ , where m is the given sum 

and k the given ratio, the axes being the same as in 
last example. 

14. Shew that the straight lines represented by the 
equations — = 4 cos + 3 sin 0, and — = 3 cos 0—4 sin 0, 

T T 

are at right angles. 

15. What does sin 30 = represent ? In general what 
does any function of = represent ? 

[Ans, Three straight lines through the origin in- 
clined at the angles 0°, 60°, and 120° to the initial 
line. y0 = represents straight lines through the 
origin. 
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CHAPTER IV. 

TRANSFORMATION OF COORDINATES. 

It is sometimes very important to change an equation 
from one set of coordinates to another, that is, to find what 
the equation becomes when referred to another origin and 
axes in the same plane. 

31. To trcmsform an equation from one pavr of axes to 
another in the same direction. 

Let the coordinates of the 
new ongin ((/) referred to the 
original axes be a, h. Take 
any point in the plane, and the 
absciss88 referred to the original 
axes will exceed the abscisssd 
referred to the new axes by a, 
and the ordinate referred to the 
original axes will exceed the 
ordinate referred to the new axes by 6. Thus, let P be 
the point, let OM-=a^ and M(y=i h (the coordinates of the 
new origin (7), then ON, the abscissa on x of P, referred to 
the original axes, is equal to OM-\-MN = 0M+ ON' ; that 
is, it is equal to a, the abscissa of the new origin, + the 
abscissa of the point P referred to the new origin. Similarly 
PN = PN-\- NN=:PN+aM, or the ordinate to the 
old axes equals the ordinate to the new axes + ^* 

Therefore, to transform an equation to a pair of axes in 
the same direction, but intersecting in an origin whose 
coordinates to the given axes are a, 6, — for x substitute x + a, 
and for y substitute y + h. 

The resulting equation will represent the locus referred 
to the new axes. 

This applies equally to rectangular and oblique co- 
ordinates. 





M TftAHSrOBlCATIOH OV COOBDDTATBS. 

ti*i, To f/f(mfiform cm equation from one pair of axes to 
ff/ffM^r with ih0 $ame 01 igin, hut different directions. 

IM htfih ihd Axofl be obliqne, and 
h^, A'O Y im ilio old axes, the angle 
huiwt*m ihmn being w; and let 
S'uy \m tim now axes; also let 
X(f\\ Mm nn^fto the now axis of x 
^m\^t**^ w)Ut ilm old axis of a;, be a ; 
W*('l A'OK', tlitt ftnglo the new axis 
Mr')/ tM»k(^H with ihooldaxisof «, be 
f^ Urw-whitf Urn coordinates of any ^ A Jf 
IIMJHl, /', wp Imvo OAf and P-Jf the coordinates of P to the 
#♦!»! M^M« I And i)N and P^ the coordinates of P to the new 
«u»'fti h Ih ivnuitHHl to express OM and Pif in terms of 
n/V MMil /'/v. l)mw NS and JV^B parallel to the original 
*UM« f)\» or. Thon OJlf = OE + i21f . Bnt, from the 

«H»m»uIm 0«V, ()W=(Wx ^!^^^^g ; and from the triangle 

^ /^ / \ Wi» Im Vt^ A^S (« IJAf) = i^TP 5JH.^. Therefore we 

sm NSF 

»t.ul »)W - f >,V "I'^^ffg-t-J^"!" g^; or, « referred to 

"t-l M^..« .>,,««) tn ^ ^m (>o^2l sin («-/?) ^ferred to 

MU w sin w 

♦»HM HM^ Nimnn% w^ have Plf = 8P+SM- SP-i-NB, 
HI, ♦rtK^n^ <)h\ vnluf^ jfVom the same triangles, y referred to 
hM h^»»>i^ ^V ~ TiV '^^^ ^"^yP . £^^v sin A^OB 

MnA'iSP ^ sii '"""' 



sin Oi^JV^ 

Mf . sin/8 , sin« 

mn *c sm to 
♦ > <^M ♦ >M< ^s »,^^v ^yy^ TK^i^foi^ to transform the equation 

^ » f/ » nu^ tr ^ '^ ^^^^ ^,- ^^ the original axes are rectangular, 

\ ,l„ "'^^'" ' ^ <H>^^i V^n^iih^as a denominator; and the 
' ^ ^MM)^>,.^ .rtv«A+ycos/5i andtbeTalne ofy be- 
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If both tlie axes are rectan^lar, then we have also 
/3 = ^w+a; and x becomes x cos a— ^ sin a ; and y becomes 
ycoBa+x^iaa, 

33. To trcmsform <m equation from rectangular to polar 
eoordinaiea. 

Let be the origin, and OX 
and OY the rectangalar axes; 
let (X (whose coordinates are a, 
h) be the origin for polar co- 
ordinates, and O'l the initial line, 
and let the angle KJN it makes 
with the axis of a) be a. It is 
required to express the abscissa 
OL, and ordinate PL, of any point 
P in terms of the radius vector (XP = r, and the vectorial 
angle I(yP = d. 

OL = OQ + QL = OQ + aN = 0Q+ OP cos JVCXP, 

that is, a? = a+r cos (O-fa). Similarly, we have 

PL = LN+PN = Q(y+ aP sin NOP, 

that is, y = 6-|-r sin (6-l-a). These values substituted for 
x and y change the equation from rectangular to polar 
coordinates. 

If the initial line is parallel to the axis of a;, then the 
angle a vanishes. 

34. It is manifest that these transformations do not alter 
the degree of the equation. For, in place of x and y^ 
X or y :k a constant, or multiplied by some known factor, 
must be substituted. Therefore the unknown quantity must 
remain of the same degree as before. 

35. It may now be easily shewn 
that an equation of the first degree 
must represent a straight line. 
Suppose that the locus represented 
by a simple equation 

Ax+By+G=:0 

was not a straight line ; but a line 
(AB) such that two points' in it 
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A and B covld be joined by a straight line wbicb did 
not coincide with the locns of the equation. Transform 
the origin to any point (0) on the straight line AB, and 
make AB the axis of x, and a straight line perpendicular to 
it the axis of y. Now, for y = 0, a; must have two values, 
OA and OB, therefore the curved line cannot be represented 
by a simple equation ; and it has been before shewn that 
an equation always represents some line ; that is, a series 
of points. (Art. 10.) 

Sometimes an equation of the second or of a higher 
degree can be broken into factors, that is, into two or more 
simple equations as many as the degree of the equation. 
In that case the equation represents as many straight lines as 
it has factors that are simple equations, and each straight 
line is represented by one of these simple equations. 

For example, suppose that 

Ax^+Bxy + Cy^+Dx-^Ey+F =z 0, 
was the product of 

Oiaj+iiy-hCi = and aaaj+ftgy-fc, = 0, 

then the quadratic would represent the two straight lines 
which are represented respectively by the two simple equa- 
tions. For, take any value of x, and put it in the above 
quadratic, there will be two values of y corresponding to 
it ; for it will become an ordinary quadratic with one un- 
known quantity, thus 

A'-\-B'i/ + Cy^-\-iy-tEy+F=0 

(the dotted letters include the given value of a?, multiplying 
the coefficients). 

But since it is the product of the two simple equations 

Oi + ftiy + Ci = and a^-\-h^i/+Ci=z 0, 

they must give the same two values of y. Therefore for 
any value of » there are two values of y, one of which gives 
a point on one straight line, and. the other gives a point on 
the second straight line. Should the value of x be the 
abscissa of the intersection of the two straight lines, then 
there will be two equal values of y which will be the ordi- 
nate of the point of intersection. 



TBANSFORHATION OF COORDINATES. 87 

Again, tlie equation may have no real roots ; in that case 
no real locus is represented by it, as there are no real 
values of x and y. 

Again, an equation may have only one possible pair of 
values for x and y. In that case it represents the point 
which has those values of x and y for its coordinates. Thus 
(x—ay + iy—by = can have only one value for x and y 
respectively, that is, ^=a and y=&, consequently it repre- 
sents the point ir=a, y=6. 

36. An equation containing only x represents a series of 
lines parallel to the axis of y. For it can be put in the 
form (a;— a), (aj— /3), (x—y) &c. = 0, which is satisfied by 
a; = a, a; = /3, &c. 

In the same way, an equation in y only represents a series 
of lines parallel to the axis of x. 

An equation in the form of a function of — , as 

represents a series of lines passing through the origin. 
For it is equivalent to 

{7-")(f-'=)(f-)*- = »- 

which is satisfied hj x=zay and x = /3y, <&c., each of which 
represents a straight line passing through the origin. 

37. When it is required to break up an equation of the 
second degree into two simple equations, this can generally 
be done by one or two trials (when it is known that the 
equation is capable of being so broken up), remembering 
that the indeterminate coefficient is the product of the two 
indeterminate coefficients in the simple equations, the 
coefficient of a? is the product of the coefficients of the a?, 
the coefficient of y* the product of the coefficients of y, and 
the coefficient of a^ the sum of the products of the coefficients 
xXy and yxa; in the two simple equations, while the 
coefficients of x and y in the quadratic are the sum of the 
products of the indeterminate coefficients in one equation 
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and the coefficients of « or y in the other. A few trials 
with some of the coefficients will enable ns in general to 
guess what they must be in the required simple equations. 
It must be borne in mind that the sum means the algebraical 
sum, in which the signs as well as the amounts are taken 
into consideration. The rule may be stated thus ; if 

Ax^+Bxy + Oi^+Dx+Ey+F 

= (aaj + 6i/-fc)x(a'a5 + 5'2/-hc'), 

then A = aa, B = ab*+ a% G = bb\ D = ac + a% 

E=:hc + h'c, and JP= cc. 

38. The general condition that 

should break up into two simple equations may be found 
thus : — 

Treat the equation as a quadratic in y, thus 

G^-^-iBx+F) y+Aa?+Da:+F = 0. 

The roots of this will be 



_ Bx+F ^/iBx-tFY-i^G (Ax^-\-Dx+F) 
^""2(7 2G 

If the expression under the radical sign is a perfect 
square, then the equation manifestly breaks up into two 
simple equations; and the condition that the expression 
under the radical sign should be a perfect square, is 



Examples. 



1. Transform the equation aj*+y'— 4flj— 6^/ = 18 to the 
point (2, 3) as origin. [Ans, aj'+y* = 31. 

2. Transform the equation a?'— y* = 6 to axes bisecting 
the angle between the given ones. \_An8, a^ = 3. 

3. Transform the equation t^ =z m^ cos 26 to rectanmlar 
axes. [Ans. (»* +y*)* = (p^-^y) '"^^ 



\ 
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4. Transform the eqaation aj*+y*-|-6aV = 2 to another 
pair of rectangular axes inclined at an angle of 45° to the 
given axes. [Ans. a?*+y* = 1. 

5. Transform y'-|-4ay cota— 4aaj = from rectangular 
axes to a pair inclined at the angle a, the origin and axis 

of X being the same. [^Ans, y* = -r—^— 

6. Shew that the equation 2y'— 3d!|y — 2aj'-|-2aj-|-y = 
represents two straight lines at right angles to each other. 

7. What straight lines are represented by the equation 
y"— ajy— 2»'4-5aj— y = 2 ; and what is the angle between 
them ? 

[Ans. y— 2aj + l = 0, and y+aj — 2 = 0, angle = tan~^ 3, 

8. Mnd the straight lines, and the angle between them, 
represented by the equation bi/^+xy—a^ = 0. 

[Ans. 2y-\-x=z 0, Sy = x; angle 135®. 

9. Find what are expressed by the equations : 

(i.) ^+y' = ; (ii.) ajy = ; (iii.) (aj-a) (y-h) = ; 
(iv.) a^—aoa = 0; (v.) x^—xy = 0. 

[^Arts. (i.) the origin ; (ii.) the axes ; (iii.) the 
straight line x = a, y =: h; (iv.) the axis of y, and 
the line x = a; (v.) the axis of y and the line bi- 
secting the angle between the axes. 

10. What are represented by 

(i.)aj'-2/' = 0; (ii.)(«-a)«-h(2/-6)» = 0; 

(iii.) (aj-y+a;«-f (aj+2/-a)> = ; (iv.) a?+y'+a' = 0. 

{^Ans, (i.) the line bisecting the angles at the 
origin ; (ii.) the point a, b ; (iii.) the point 0, —a ; 
(iv.) impossible. 
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CHAPTER V. 



THE CIRCLE. 



39. We will now proceed to find the eqaation which 
represents a circle, the coordinates of the centre and length 
of the radins being given. 

Let the coordinates of the centre be 35= a, y=b, and the 
length of the radius be called r. Then take any point P 
on circumference whose coordinates are x, y, and they can 
be thns connected with the given coordinates of the centre 
G and the length of the radins. Let the axes be oblique, 
and the angle between them be called w. 

Draw the ordinates G and P, GM and PN, and GQ 
parallel to the axis of x. Then 

OP = GQ'+PQ'-2GQ . PQ cos GQP, 





M N 



that is, r^ = (aj-a)*-h(y-&)' + 2 {x-^a) (y-&) cos«;, 

for OQP = 180°— w. Expanding this, it becomes 

as'+y^+Sajy cosw— 2 (a + & cosw?) x 

—2 (h-^-acoQw) y + a' + 6'-|-2a&cosw = r*. 

Hence the general form of the equation to a circle referred 
to oblique axes is 

»'+y' + 2a5ycost«?+ilaj-|-Py + (7 = 0. 
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40. When the axes are rectangular, w = 90°, therefore 
cos u; = 0, and the coefficient of xy vanishes. The form of 
the equation to a circle referred to rectangular axes con- 
sequently is af+y^+Ax-^-By-^-O = 0, 

This follows at once from the figure 

GP'^Gi^+PQ^ that is, r» = (a;-a)» + (y-&)«, 

which becomes a;' + y' — 2ax — 26y -f a* + 6* — r^ = 0. 

From this it follows that, if an, equation is of the form 

ojM y^-^-Ax+By-^-C = 0, 

it represents a circle, the coordinates of whose centre are 
a? = ~J^ y=-i^, and its radius is (Ju4«+ JJ5*-^C)*. 
For C = a'-f 5«-r» = i^' + JB-r". 

If the axes are obliqae, then there are three equations to 
determine the coordinates of the centre and the length 
of the radius, a + b cos w = — ^A^ 6 -f a cos m; = — Jj5, 
a*+i'-f 2a6cos w— r* = (7, in which a, 6, and r are the 
unknown quantities ; and if w, the angle between the axes, 
should not be given, it can be found from the coefficient 
of xy, which = 2 cos to. 

41. We will now consider some particular forms of the 
equation to the circle referred to rectangular axes. 

If the origin is on the circumference, then (7 = 0, for the 
equation must be satisfied with the values a;=0, y=0; and 
also it isf evident that ^ = a' -f ft*. 

If the axis of « passes through the centre, then 5=0, and 
the coefficient of y vanishes ; it* the axis ofy passes through 
the centre, a =: 0, and the coefficient of x vanishes. 

Consequently, if the centre be the origin, the equation to 
the circle becomes aj* + y' = r*. This is very evident from 
the figure. 

The equation to a circle can always be reduced to this, 
which is its simplest form, by transforming the origin to a 
point a; = — 5J., y = — 5B ; the direction of the axes being 
unchanged. 

42. Taking this simplest form of the equation, we will 
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now proceed to find the eqnationof the tangent to the circle 
represented by x^-^-y^ = r. 

Let {x\ y') be any point on the circle, and x\ y" any other 
point adjacent to it and also on the circle. The line joining 
them is a secant of the circle, and its equation is 

y-y =v^v(^~*)- 

Now the tangent may be considered as a particular case of 
a secant, viz., when the two points in which a straight line 
cuts a circle are infinitely near each other. We may 
suppose one point to be fixed, and the line moved round it, 
bringing the other point liearer to it, until it coincides ; 
then manifestly the line touches the circle. (N.B. — This 
definition of the tangent is applicable to the case of any 
curve and not peculiar to the circle.) Applying this to the 



equation y — ?/'= % — *^ , {x — of) , 

X — X 

when the points (»', 2/') and (aj", y') coincide,aj'= aj"and?/'= y'. 

This renders the equation indeterminate, as '^^~, — ^ , = — . 

X — X 

But, by taking into consideration that both the points («', y) 

and {x\ y') are on the circle, a definite value can be found 

for the fraction 



X — X 



Since {x\ y) is a point on the circle, aj'^-j-^'' =.7^ ; and 
since {x\ y") is also on the circle, x"^-\-y"^=.7^. Subtracting, 
we have x^—x^'^-\-y^—y'^ =. > OJ* 

(x'+ x) («'- z') + (2/'+ /) (2/'- y") = ; 

therefore ^, — —, = ; — '—r,. 

X — X y "^ y 

Therefore the equation to the secant of a circle may be 
written thus, y — y-=.-' —, — ^, (x — x) , 

y + y' 

when {x\ y) and {x\ y') are the two points on the circle 
til rough which it passes. And in this form it does not become 
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indeterminate when d?'= x and y'= y". Therefore the 
equation to the tangent to the circle is 

when aj' and %f are the coordinates of the point of contact. 
This becomes yy — y'* = — a;aj'-f- «'*, 

or * XX ^ yy^=- 3j''+y'* = »^. 

43. From this it follows that the perpendicnlar from the 
centre, which is the origin, on the tangent is the radius. 
For, by Art. 24, the perpendicular from the origin on the 

— G 
straight line Ax-^-By-^-G is — 7=^^= ; therefore perpen- 
dicular from origin on 2*0?'+ yy "^ r* = is 

— ii_ = if = 

Also, the equation to the radius drawn to the point of contact 
16 yx = xy^ which is manifestly the equation to a straight 
line perpendicular to ««'+ yy'= r*. 

If from the equations x^-^y^ = r*, and «*'+ yy'= »^, we 
find the values of x and y, they get two equal values of », 
X = x\ and two equal values of y, y = y\ which shows 
that the straight line xx-\-yy'=r^ meets the circle 
a^-{-y^-=.7^ in one point only, and therefore, by Euclid, 
Book III., Prop. 16, is a tangent. 

Any line whose equation is of the 

form y ^= rnx+ry/l+rn^, tou ches 
the circle a^-^y^ ^=z t^. For it is 
evident from the figure that the 
intercept (OB) made on the axis 
of y is equal to OT sec TOB 
=z OTBecTAO {OT being the per- 
pendicular from origin on the 
straight line) 

= OT ^/i-{-ta,n'TAO= OT^/l + m\ 

Bat 05 = rVT+m', therefore OT=^r, Consequently a 




I 
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circle with centre at and radius eqnal to r to ncbeR the 
straight line AO, whose equation is y = mx-^r^/l + m*, 

44. To find the equatwn of the tangent to a circle whose 
equation is of the form (aj— a)^-|- (y-— 6)' == r*. 

Let a\ y\ and a?", y\ be the coordinates of two adjacent 
points on the circle, the equation to the line joining them 



IS y—y—^. — —X^-x). 

Since the points are on the circle, we have 

(a.'-a)^+(y'-iy=c' and (a;"-a)»+(/'-5)2 = r«; 
subtracting, 

or (^"- x) (x''+ ^'- 2a) + (/- y') (/+ y- 26) = ; 

from which it follows that C^ = V''^^^- . The 

X " X y -1- y — 26 

equation to the secant may therefore be written 

y-fy— 26^ 
which, when aj'= x" and ^'= y", and the line is tangent, 
becomes y—y=^— — -(x—x). This can be put into a 

•7 

convenient form thus, 

y_t-(y'-6) = ^^^ {a.-a-(aj'- a)} ; 

y — 

and, multiplying up, 
(a.-a) (aj'- a) + (y- 6) (y- 6) = (a5'-a)«+ (y'-6)* = 7-^. 

f 

45. To find the equation of the chord of contact of ta^t gents 
drawn to a circle from a given external 'point. 

Let the coordinates of the given external point be h, k, 
then a tangent drawn from it to the circle will have for 
its equation xx-^- yy = r*, where x and y are the coordinates 
of the point of contact. But since this tangent also passes 
through the point (/i, k), its equation must. be satisfied by 
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the valaes x = h and y =^k. Therefore 

Aaj'+ fey = r» (1). 

Also, if the coordinates of the other tangent drawn to 
the circle from the point (A, fc), are x\ y", then its equation 
is XX '+ yy"= c*, and this must also be satisfied by the values 

h and k, therefore ^"-f- fcy"= r* (2). 

From this it follows that hx + ky = r^ ia the equation of the 
chord of contact. For the straight line represented by 
this equation passes through the point (x\ y'), as, by (1), these 
values of x and y satisfy it. Similarly, it must, by (2), pass 
through (x\ y") . Therefore it is the straight line joining the 
two points of contact (a^, y) and («", y"). 

From this it follows that, if the coordinates of any external 
point be put into the equation of the tangent instead of the 
coordinates of the point of contact, the resulting equation is 
that of the chord of contact of the tangents drawn from the 
external point. 

46. If from any fixed point chords he drawn to a evrcle, 
the to/ngents to the circle at the extremities of cmy such chord 
will intersect on a fixed straight line. 

Let h, k be the coordinates of the point, and let (»', y) 
be the point at which a pair of tangents drawn at the 
extremities of a chord through (h, k) intersect. Now the 
chord of contact to the point (x\ y) is xx' •^yy-=- r*. But, by 
supposition, it passes through (A, k') ; therefore hx-^ky'-^^ r*. 
This condition holds for any other point (as well as for 
«, y), which is the intersection of tangents drawn at the 
extremities of any chord through (^, A;). Consequently 
hx-\-ky := r^ must represent a straight line on which the 
tangeuts drawn at the extremities of any chord through 
(h, k) must intersect. 

47. The reader will observe the position of this straight 
line as the point (^, k) ia inside or outside the circle. If it is 
taken outside the circle, then the property may be thus 
stated. If chords be drawn to a circle from any external 
point, the tangents at the extremities of any such chord 
intersect on the chord of contact of the external point. In 
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this instance we see how a theorem, which conld not easily 
be proved by pnrely geometrical methods, follows at once 
from the equations which represent the lines in Analytic 
Geometry. 

48. If foints he taken on a given straight line, the chords of 
contact will pass through a fixed point. 

Let the equation to the given straight line be 

and let the coordinates of a point in it be x\ y\ the equation 
of its chord of contact is xx'+ yfj=^ ^' ^^^ since {x\ y) is 
on the given straight line, we have Ax + By' -\- = 0, or 

Ax'^ G 

Putting in this value of y' in the equation to the chord 
of contact, it becomes 

252.'- y A^L±^ = r*, or (Bx-Ay) x'- (GyW) = 0. 

This is in the form L—JcL', the constant being x' ; therefore, 
by Art. 25, this represents a straight line which passes 
through the intersection of the straight lines Bx—Ay = 0, 
Gy-\-c^ =: 0, whatever be the value of x\ 



POLE AND POLAR. 

49. The general relation between a point and its chord 
of contact is expressed by the terms pole and polar, the 
chord of contact being called the polar of the point, and 
the point the pole of its chord of contact. 

This use of the terms must not be confounded with polar 
coordinates, or the polar equations to a line or circle. 

Thus, with reference to the circle x^-\'y^ = r*, the straight 
line Aaj-f- A;y=r' is the polar of the point {h, Jc) ; and the point 
(hy k) is the pole of the straight line hx-\-ky = r*. 

The properties of poles and polars may be thus ex- 
pressed. 

If points lie on a straight line, their polars will pass 
through a fixed point (i.e., the pole of the straight line). 
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If straiglit lines pass throuo^h a givea point, their poles 
will be on a straight line (i.e., the polar of the given point). 

These properties follow immediately from the three pre- 
ceding articles ; but it may be well to give a geometrical 
definition and pro^f of the properties of poles and polars. 

If a perpendicular be drawn from the centre of a circle 
to a straight line, and bo cut or produced so that the 
rectangle under the segments from the centre is equal to 
the square of the radius, the point so found is called the 
pole of the straight line. 

If a given pohii he joined with the centre of a circle^ and the 
joining line cut or frodvLced so that the rectangle under its 
segments measured from the centre is equal to the square of 
the radius, the perpendicular to the joining line at that point 
is called the polar of the given point. 

It is evident, if the point is 
outside the circle, that the polar 
is its chord of contact. For, let 
P be the point and TM its polar, 
according to definition, (i.e., 
CMxCP=i r«,) then PI will be 
a tangent to the circle. For a 
circle on PTrs diameter will pass 
through M (TMP being a right 
angle); and since Cl^=CMx CP, 
CT must be a tangent to it (Eluc. 
Book III., 37). Therefore tlie 
angle PTG is right ; therefore PPis a tangent to the circle 
whose centre is at G. Similarly Pf'7 is a tangent. 

If any point (L) be taken on the straight line PL at 
right anorles to CP, its polar will pass through (M), the 
pole of PL. Join CL, and from M draw MM* perpendicular 
to GL ; then MM* is the polar of tho point L. For, since the 
angles at P and 31' are right, a circle can be described 
round the quadrilateral MPLM\ Therefore 

GMx GL = GM xGP = f^; 

therefore MM* is the polar of L. 

The converse of this is evidently proved in the same 
manner. 
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By the use of poles and polars, many tbeorems about 
straight lines meeting in a point can be made to prove 
corresponding theorems about points lying on a straight 
line, and vice versa. 

50. To find the length of the tangent drawn from any point 
to a circle. 

Let the equation of the circle y 
be (a5-a)'+(2/— &)*--r* = 0, and 
the coordinates of the point P be 
x\ y\ Now the square of the 
straight line PO, joining the 
point with the centre of the circle 
0, is equal (a?' — a)' + (/— 2>)* 
(Art. 6). But the square of the 
tangent from P is equal to the ^ 

difference between the square of FG and the square of the 
radius. That is, 

that is, the square of the tangent from any point is found 
by putting the coordinates of the point in the equation of 
the circle. 

The interpretation of this with reference to the equation 
of the circle may be stated thus. The length of the tangent 
from any point on the circumference is nothing ; therefore 
(aj — a)*-|-(y— -6)*— r* = is true for any point on the 
circumference. 

If the point (P) be inside the circle, then GF^<7^ \ con- 
sequently («'— a)'+(2/'— 6)*-— r* is a negative quantity 
whose square root is impossible ; that is, no tangent can be 
drawn to a circle from a point inside it. 

If any chord be drawn through P, the rectangle under 
the segments of that chord 

This, when the point is external, is a positive, that is, the 
segments of the chord are measured in the same direction 
from P. When P is inside the circle, then 
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IS a negative qnantitj, and is eqnal to the rectangle nnder 
the segments of the chord, which are measured in opposite 
directions from P. This agrees with the principle laid 
down in Article 3, that straight lines mesusnred in opposite 
directions have opposite signs. 

51. To find the radical axis of two circles. 

(The straight line which is the locus of points from which 
eqnal tangents can be drawn to two circles is called their 
radical axis.) 

If the two circles intersect, this locns is manifestly their 
common chord ; and if they do not intersect, it is easily 
found by Plane Geometry. But it can be found at once by 
Analytic Geometry thus. Let the equation of one circle be 
x^+y*-i-A3p+By-\-C = 0, and of the other circle 

then, subtracting them, we get 

(A-A) aj + (P-P')y + 0-0 = 0, 

which is the equation of their radical axis. For, it is the 
equation to some straight line, as it contains only the first 
power of X and y ; and the coordinates of any point on it 
(a5',y ),if put into the equations of the two circles, make them 
equal ; therefore the squares of the tangents from this 
point t.o the two circles are equal, therefore the tangents 
are equal from any such point. 

It may be well to explain this more clearly. The equa- 
tion (A-A')a; + (B-£^)y-\-C- 0'= may be written 

aj* +y« +^aj -I- 5y -h - (aj« + y» -h ^'aj + P'y + CT) = 0. 

Therefore x\ y, the values which satisfy the equation, make 
x'^+y''+Ax'+By'+ = aj'>+y''-h^V4--B'y' + Cr. 

But the two sides of this equation represent respectively 
the squares of the tangents from the point (x\ y) to the two 
circles ; therefore the tangents are equal. 

52. If for shortness the equation to the circle 

be written £f = 0, and the equation to the second circle 
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8'^ 0, then the equation to their radical axis is 5—8'= 0. 
From this it is evident that the radical axes of three circles 
meet in a point. For the equation 'to the radical axis of 
the first and second is S— = 0, and the equation to the 
radical axis of the second and third is ^—8' = 0, and the 
equation to the radical axis of the third and first is 
0—8 = 0, since the sum of these equations equals 
nothing ; or, as any one of them is the diflerence of the 
other two, the three lines they represent must meet in a 
point, by Art. 25. This point is called their radical 
centre. 

If one of the circles becomes a point, ^.e., if its radius 
becomes nothing, the radical axis becomes the locus of 
points from which tangents to a given circle are equal to 
the distance from a given point. To this case the foregoing 
articles are applicable, as a point can be expressed by a 
quadratic equation in x and y which has only one possible 
pair of values for x and y. Thus («— a)* + (y — ^)* = 0' 
represents the point (aj=a, 2/=6) ; for it can be satisfied by 
no other values of x and y. If this equation be subtracted 
from the equation of a circle, the second powers of x and y 
will vanish, and the resulting simple equation represents 
the radical axis of the circle and point. 

If both the circles become points, the radical axis is the 
locus of points equally distant from them, that is, manifestly, 
the perpendicular bisecting the line joining them. The 
radical centre proves that the three straight lines per- 
pendicular to the sides of a triangle at their middle points 
meet in a point. For that point may be considered as the 
radical centre of the three angular points. 

The following case of two theorems, which could not be 
proved without much difficulty by Plane Geometry, is a 
good instance of the use of abbreviated analytical methods, 
and of poles and polars. 

If in a tnangle the angles he joined with the points in which 
the ifiscrihtd circle touches the sides, the joining lines will 
meet in a point. 

Take the centre of the inscribed circle as origin, and any 
two straight lines at right angles through it as axes. Let 
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the points of contact be x^ y^, ajj?/,, and x^^ ; then the equa- 
tions to the sides will be respectively 

«i^+yiy = ^ (1), «2« + yi2/ = r' (2), 

and n^iX + y^y =7^ (3). 

The straight line joining the intersection of (1) and (3) 
"with the point of contact x.^ y^ will be of the form 

«i»-f-.Vi2/— c^ = k(x^x + y^y-'c*)y 
hence it passes through x^y^ ; the value of k is found, by 
putting in these for x and y in this equation, to be 

SB X -^ 11 11 ~— I 

-^—2 — «ii^3 — -. Let the equation to the tangents passing 

through the points ajji/i, a522/2» ^si/j ^® termed respectively 
Ti, Tj, and 1\ ; and when ajj, y^ are substituted for x and y, 
in (1), let it be called T^^ jj a^d let Tg^ , signify that x^, y, 
have been substituted for x and y in Tj ; then the equation 
to the straight line joining x^y^ with the opposite angles 

may be written T^ = -^^^ T^, or T^ X Tj. , = T, X T^, , . 

" *, s 

It is evident that, by the same reasoning, we find the 
equation of the straight Vine joining x^y^ with the opposite 
angle is T^ x Tj, , = 2\ x T,, 3. Also that of the straight 
line joining x^y^ with thu opposite angle is 

-^ ^ -M, a ^= -^2 ^ -M, 8> 
Since the sum of these equations is equal to nothing, the 
three straight lines they represent must pass through the 
same point. Q. E. D.* 

If the points in which the inscribed circle touches the sides 
of a triangle he joined, and the joining lines he produced to 
intersect the opposite sld^s^ the three points of intersection are 
in directum. 

Let the angle opposite x^y^ be J. ; the angle opposite x^y^ 
be B ; and the angle opposite x^y^ be 0. Then the line 
joining x^y^ with x^y^ is the polar of A ; and since Tj is the 
tangent at x^y^, it Ih tiie polar of that point ; consequently 
the intersection of these two straight lines is the pole of 

* It will be observed that 2\^ « contains no variables, only Xi yj and 
^tPit therefore it is a constant ; and so with the others. 
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the line joining them. In like manner the other points of 
intersection are the poles respectively of the straight lines 
joining B and ajj?/,, and and as^y^. But since (by preceding 
theorem) these three lines pass through the same point, 
their poles must lie on the same straight line. Q. E. D. 




THE POLAR EQUATION TO THE CIRCLE. 

53. The polar equation to the 
circle is easily found. Let be 
the origin, 01 the initial line, G 
the centre of the circle, and P any 
point on its circumference, the 
coordinates of it being r and 0^ 
whidh are variable. Let OG = I, 
and lOG = tty so that the coordi- 
nates of the centre Z, a are given ; and let the diameter of 
the circle he d; so that the radius GP = ^d. 

Then GP'=OP' + OG'--2 0P.OGc6bPOG; 

that is/ i(P = r'-fP-2rZcos (O—a) ; 

or r*— 2rZ (cos 8 cos a -f sin sin a) -f- Z*— ^<? = 0. 

This may be expressed thus, 

7^-\-Ar cosO-^Br sin 0-f-O = 0, 

which can be immediately deduced from the eqtiation 
referred to rectangular axes given in Art. 40. 

K the centre is on the initial line, then a = 0, and the 
equation becomes 

r»-2rZcos0-i-Z»-ii« = 0. 

If the origin is on the circumference, then I = JcZ, and the 
, equation becomes r— 2Z cos = 0. 

Some properties of the circle follow at once from this 
equation. Taking the form 

r*-2rZcos0-fZ»--i(P=O, 

we see that the product of the two values of r is Z*— ^cP, 
which is the same for all values of 0. This is the same as 
Euclid, Book in.. Props. 35 and 36. 
Also the sum of the two values of r is 21 cos ; therefore 
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the coordinates of the middle point of any chord drawn 
from the origin are I cos and 0, Hence the polar equa- 
tion to the locus of that point is r = 2 cos 0, which is a 
circle on I as diameter. This is very obvious geometrically. 

N.B. — If 6 is greater than sin"^ - the values of r become 

imaginary. Thus we see that two imaginary quantities 
have a real sum and a real product. 



Exercises on the Cieclb. 

1. Find the coordinates of the centres and length of the 
radius of the circles whose equations are 

x^+y^-2x-4n/-20 = 0, ii?+y^ + l2x-8y+48 = 0. 

IA718. (1, 2), and 5 ; (—6, 4), and 2. 

2. Find the points of intersection of the circle aj'4-2/*=6o, 
and the straight line 3a;-f y = 25. [Ans, (7, 4), and (8, 1). 

3. Find the equation of a circle that passes through the 
origin and makes intercepts a and b on the axes. 

[Ans. x^ -\-y^ —ax — hy :=• 0. 

4. Find the equation to the circle that touches both the 
axes at a distance a from the origin. 

[Am, x^+y^-2ax-2ay->ra? = 0. 

5. What must be the angle between the axes in order 
that x^—xy-\'i^-\-Ax-\'Bif + G^^O may represent a circle ? 

[Ans, \v, 

6. What if aj'-f-a?y+y'+^aj-|-5i/ + = represent a 
circle ? [Ans, \Tr, 

7. If — -1-^ = 1 be a tangent to the circle aj^-f-y' = r^, 

a 

find the relation between a, b and c. [Ans. , = r. 

8. Find the equation to the circle passing through the 
points (4, 5), (3, 8), (7, 6) ; and transform it to the centre 
as origin. [Ans. w^ + 1/^ — lOo; — 14y -f 69 = 0, a?^ +y* = 5. 
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9. Find the centre and radins of the circle 

r*-2 (cos 4- v/3 sin 6) r = 5. 

\_An8. d = ^r, 6=2, radins = 3. 

10. Given base and vertical angle, find the locns of the 
vertex. \_Ans, Let the base =c, and vertical angle G, 

x^+y^—2cycotG. 

11. Given base and sum of squares of the two sides of a 
triangle, find the locus of the vertex. 

lAns. a;'+/ = — ^^ 7-^ • 

12. Given base and ratio of the sides of a triangle, find 

the locus of the vertex. 

2 i 1 

[Ans. Let the ratio be m : n, o;^ + ?/^ -I- —x 5 «b -f- ic' = 0. 

N.B. — In the last three examples the base is 
taken as axis of aj, and a perpendicular through its 
middle point as axis of y. 

13. A point moves so that the sum of the squares of its 
distances from the sides of a square, or from the angles of 
a square, are constant ; shew that in both cases the loci are 
circles. 

14. A point moves so that the sum of the squares of its 
distances from the sides of a regular polygon, or from the 
angles of a regular polygon, are constant ; shew that these 
loci are circles. 

15. A point moves so that its distance from one angle 
of a given equilateral triangle is equal to the sum of its 
distances from the other two ; find its locus. 

16. If p be the perpendicular from the origin on any 
tangent to a circle whose polar equation is 

r2-2rZcos(0-a)+?_i^2_()^ 

shew that p = — ^^ — j— ^ 5 ^^) i^ ^ ^^ the tangent from 

the origm, p = — ; . 
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CHAPTER VI. 

THE PAKABOLA. 

54. The curve which comes next to the circle, both in 
simplicity and in the importance of its applications, is the 
parabola. It may be defined as 

The locus of a point which moves so that its distance from a 
fixed paint is equal to its distance from a fixed straight line. 

The fixed point {F in figure) is called the focus of 
the parabola, and the 
fixed straight line {BL) 
is called the directrix. 
The distance from the 
focus to the directrix 
is manifestly bisected 
by the parabola; for 
the middle point of the 
perpendicular through 
the focus to the direc- 
trix is equally distant from the focus and the directrix. 
This point is called the vertex of the parabola; and the 
distance from the focus to the directrix is generally 
called 2a. 

The straight line D^ through the focus and vertex, which 
is at right angles to the directrix, is called the axis of the 
parabola. 

Any straight line at right angles to the directrix is called 
a diameter of the parabola. 

The chord through the focus perpendicular to the axis is 
called the Latus Rectum, This is manifestly equal to 4a. 

The straight line TN perpendicular to the tangent at 
the point of contact is called the normal. If from any 
point on a parabola a normal be drawn, and also a perpen-i 
dicular to the axis, the intercept MN made by them on the 
axis is called the suhnormal. 
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The intercept KM made on the axis between the same 
perpendicnlar and the tangent at the point is called the 
suhtangent. 

The straight line FjP joining any point on the carve to 
the focus is called the focal distance, focal radius, or radius 
vector. 

The following properties of the parabola will be proved 
geometrically before proceeding to find its equation : — 

55. Ths straight line equally inclined to the diameter and 
focal distance at any ^oint on the parabola is a tangent. 

Let T be a point on the parabola ; draw the straight line 
TQ bisecting the angle FTL 
between the focal distance 
{FT) of the point T, and the 
diameter through it {TL). 
This straight line TQ has 
one point on the curve (T), 
and any other point, how- 
ever near, may be proved 
outside the curve. Take any 
other point on it F; join 
VL and VF, and draw VM 
perpendicular to the directrix. Since TQ bisects the ver- 
tical angle of the isosceles triangle LTF, it is perpendi- 
cular to LF at its middle point. Therefore the triangle 
LQY is equal in every respect to the triangle FQV\ 
therefore LV=-FV, But Jf F is less than LV\ therefore 
MY is less than FV. Consequently the point V is nearer 
the directrix than the focus, and therefore is outside the 
parabola. The straight line TQ, as it has one point on 
the curve and any other point outside the curve, meets 
the curve but does not cut it, and is therefore a tangent 
to the parabola. 

Cor. — From this proposition it can be easily proved 
that the subnormal is constant and equal to the distance 
between the focus and directrix. For (Figure, Art. 54) 
draw the normal TN perpendicular to the tangent at T, and 
draw TM perpendicular to the axis. Then the angle FTKi^ 
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equal to the angle LTK^' whicli is equal to the angle FKT, 
Therefore, since KTN is a right angle, and equal to the sum 
of the other two in the triangle KTN, it follows that the 
angle FTN is equal to the angle FNT, Therefore FN^ 
FT=:TL = I)M. Since DM and FN are equal and have 
FM common, it follows that MN, the subnormal, is equal 
FD = 2a. 

56. If from any point on the curve a perpendicular he let 
fall on the axis, the square of that perpendicular is equal to 

twice the product of the interaept from the foot of the perp&n- 
dicular to the vertex (A) of the parabola, and of the distance 
from the focus to the directrix. 

In the figure for the foregoing proposition, TM} = 
FT^-FM". But FT=TL=VM, Therefore 

TM^ = DM^-FAP = (DM+FM) (DM-FM), 

But DM-{- FM = 2AM, and DM-FM=z FD. 

Consequently 

TM^ = 2AM xFD, or = 2AM x 2a = 4a . AM, 

57. The portion of any tamgent between the directrix and 
point of contact subtends a right angle at the focus. 

♦Produce the tangent to meet the directrix at P, and 
join FF, Since the triangles QLT and QFT have two 
sides equal {TL = TF), and one side PT common, and the 
angles contained by the equal sides are «qual, the triangles 
are equal in every respect. Therefore the angle PFT is 
equal to the angle PLT, which id a right angle. 

Cor. — From this it easily follows that, if tangents be 
drawn from any point on the directrix, the chord of con- 
tact passes through the focus. For the intercept on each 
tangent from the directrix to the point of contact subtends 
a right angle at the focus ; consequently the straight lines 
from the focus to the two points of contact make each a 
right angle with the straight line from the focus to the 
point on the directrix from which the tangents are drawn ; 
•therefore they must form one straight line. 

* See figure, Art. 65. 
E 
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68. Tangents dravm from any pbint on the directrix are at 
right angles. 

Let P be the point on the directrix, FT and PT' the 
tangents from it ; draw FT and F^T, 
also TL and TL\ Then the triangles 
FPT and LFT are equal (as above), ^ 
and also similarly the triangles FPT" 
and L'PT are equal. Consequently j 
the angles FPT and LPT are equal, 
also the angles FPT and L'PT. 
Therefore the angle TPT is half the Jf 
sum of the two right angles at P, and 
is a right angle. 

59. The pe7-pe^idicular from- the focus ofii the tangent meets 
it where the tangent at the vertex meets it. 

The perpendicular from the focus FQ (see Figure, 
Art. 55) is equal to QL, the portion produced to meet the 
directrix. Also the tangent at the vertex A is parallel to 
the directrix, for it bisects the angle between the diameter 
and focal radius at A, which is equal to two right angles ; 
consequently the tangent at A being parallel to BL, and 
passing through the middle point of FD, it must bisect the 
opposite side of the triangle FDL, and therefore must pass 
through Q, the middle point of FL, 

Cor. — From this a method of drawing tangents to a 
parabola from any given external point is easily found. On. 
the straight line joining the given point with the focus and 
diameter describe a circle. Join the given point with the 
points where the circle cuts the tangent at the vertex, 
these straight lines are obviously tangents. 

60* The square of the perpendicular from the focus on the 
tangent is equal to the product of the distance of the focus to 
the vertex and the focal distance of the point of contact ; or, If 
p be the length of the perpendicular from the focus on the 
tan gent y and r the focal distance of the point of contact, then 
p^ = ar. 



TAB PARABOLA. 



59 




The angle FKF=PTL=PTF, 
.'. FT = FK. Also, since FPK 
is a right-angled triangle, and 
PA the perpendicular on the 
hypothenuse, FP is a mean pro- 
portional between FA and FK 
(Euc, Book VI., Prop. 8), or 
FP^=zFAxF£=:FAxFT', or 
j>' = ar, 

61. Tangents from any point (1) subtend equal angles at 
the focus ; and (2) have equal projections on the directrix ; 
and (3) the triangles formed by the tang&iits and focal dis* 
tance of the points of conta/:t on each side of the straight line 
joining the point with the focus are similar, 

(1) Let P be the point, PT and PT the tangents. Join 
PF, FT, and FT; and draw TL, 
PM, and T'L' perpendicular to 
the directrix, i, e., diameters pf 
the parabola. The triangles 
PTF and PTL have the sides 
FT and LT equal, PT common, 
and the included angles equal ; . 
therefore the triangles are equal 
in every respect ; PF=PL, and 
the angle PFT = the angle 
PLT 

Similarly, PF = PL\ and the angle PFT = the angle 

prr. 

Since PL and PL' are both equal to PF, they are equal 
to each other ; and since, consequently, the angles PLL' 
and PUL are equal, and also the angles TLV and TVL are 
right, the angles PLT and PL'T are equal ; and therefore 
their equals, the angles PFT and PFT, are equal, which 
are the angles subtended by the tangents at the focus. 

(2) Since PL = PL\ and PM is a perpendicular of the 
isosceles triangle LPL\ LL' is bisected in M, therefor© 
LM=L'M; but these are the projections of the tangents' 
PT and PT on the directrix. 

(3) Since PL'=PF, and TT—TIj, and TF is common, 
the angle L'PTz=z the angle FPT -, therefore FPT\b half of 
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FPL\ Join FL ; since PJP, .PL, and FL' are equal, a circle 
with its centre at P will pass through L, Fy and L'. There- 
fore the angle FLL' = one-half FFL\ and is equal to FFT. 
Also the straight line FL is perpendicular to PT (Art. 55) ; 
consequently the angles FLL* and FTL are both comple- 
ments of the angle FLT^ and are therefore equal. There- 
fore FFT= FLU = FTL = FTF. The angles FFT and 
FFF have been proved equal ; consequently the triangles 
FFT and FFT hav.e two angles in one equal to two angles 
in the other, and are therefore similar. 

62. If from am/y external pomt on a diameter two tangents 
be drawn, the chord of contact is bisected by the diameter. 

In the preceding figure, join TT, the chord of contact. 
Then, since TL, FM, and T'L' are aU parallel, and M is the 
middle point of LL\ FM, if produced, must pass through 
the middle point of TT, 

63. If at the point where the diameter meets the curve a 
tangent be drawn, it is parallel to the chord of contact of any 
external point on the diameter. 

Lot FT and FT be the tangents, Q the point where 
the diameter through P meets the 
curve, and LL' the tangent to the 
parabola at the point Q. The dia- 
meter through L will (by preced- 
ing Article) bisect the chord of 
contact QT\ but as it is parallel to 
the other diameter PQ, it follows 
that L must be the middle point of 
FT, Similarly, L' must be the 
middle point of FT. 

Therefore LJy', joining the middle 
points of two sides of the triangle FTT, must be parallel 
to the third side TT. 

64>. The intercept on the tangent made by two tangents from, 
any point on the diameter is bisected at the point of contact; 
and the intrnxept on the diameter between any point on it a/nd 
the chord of contact of that point is bisected by the curve. 
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For, see figure in the next Article, since N is the middle 
point of TT\ and LL' is parallel to TT, LQ = L'Q. 

Also, as L is the middle point of PT, and LQ is parallel 
to TN, LQ must bisect PN. 

65. If a tangent and a diameter he drawn at any point on 
a parabola, any chord parallel to the tangent is bisected by 
the diameter. 

At T, the extremity of the chord, draw TP, a tangent. 
If a diameter be drawn at L, 
where the tangents at Q and T 
intersect, it will bisect the chord 
QT, Therefore L must be the 
middle point of PT, and also PQ 
must = QN. Similarly, the tan- 
gent at T must pass through P, 
for it must make FQ = QN. 
Therefore TT is the chord of 
contact of the point P, and is 
bisected by the diameter PQ. 

* 

66. If through any point on a parabola a tangent and a 
diameter be drawn, and from any other point on the curve a 
straight line be drawn parallel to the tangent to meet tJie dia~ 
meter, the square of that line will be equal to four times the 
product of the intercept it makes on the diameter from the 
point of contact and the focal distance of the point of contact. 

Keeping to the construction used in the foregoing 
fiigures, it is to be proved that Tl!P-= 4QNx FQ. 

Since the triangles LFQ and LFT are similar (Art. 60), 
the angle QLF is equal to the angle LTF, and therefore 
equal to LTK (^TK being the diameter through T), and 
equal to the angle LPQ. Also, since the tangent QL is 
equally inclined to the diameter QP and the focal distance 
FQ, the angles PQL and FQL are equal. The triangles 
LQP and PQL have two. angles in each equal (LPQ=QLF 
and PQL = FQL), and are similar. Therefore QL^ = 
QP X QF. But (as in preceding Article), Q being middle 
point of PJ^, it follows that QP^QN; also that TN=^2QL. 

Therefore TN^ =z4iQP = 4QP xQF:s A^QN . QF. 
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67. The area of a segment of a parabola made hy any 
chord is equal to two-thirds of the triangle formed hy that 
chord and the ta/ngents at its extremities. 

Drawing the diameter throngli the point P at which the 
tangents meet, and the 
tangent LL' at the point 
where it intersects the 
curve, we have the tri- 
angle PML eqnal to one- 
half the triangle MNT, 
because they are on equal 
bases {PM=MN, Art. 63), 
and the altitude of PML 
is half the altitude of 
MNT (as L is the middle 
point of PT). 

Similarly, the triangle 
PML' = i the triangle 
MNT. Therefore the 
triangle PLL' = | the triangle MTT. 

If diameters LQ and L'Q be drawn through the points 
L and L\ and tangents BB^ and S8' where these diameters 
intersect the curve, we have, by the same reasoning, the 
triangle LBBf = ^ the triangle QTM, and the triangle 
L'SS = I the triangle Q'TM. Consequently the polygon 
BRSS'P is equal to half the polygon TQM(^r. 

If this process of drawing diameters at each point where 
the tangents meet, and tangents where the diameters inter- 
sect the curve, be continued, at each step it is clear that 
the external polygon so formed is equal to one-half the in- 
ternal polygon ; and when continued long enough the poly- 
gons coincide with the curve. Therefore the exterior area 
made by PT, PT* and the curve is equal to half the area 
made by the chord TT' and the curve ; or, the area cut from 
the triangle PTT" by the curve is two-thirds of the area of 
the triangle. 

CoR. — The area of a segment of a parabola made by am/y 
^hord is equal to two-thirds of the area of the parallelogra/m 
formed hy the diameters at the extremities of the chord and 
the tangent parallel to it. 
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For draw the diameters at T and T, and produce the 
iaDgent LL' to meet them. The parallelogram so formed 
is equal to the triangle TFT, as they have the same base, 
and the altitude of the triangle is double that of the paral* 
lelogram (FM being = MN), Therefore the segment, 
being two-thirds of the triangle, mUst be two-thirds of the 
equal parallelogram. 



Geometrical Exeecisbs on the Parabola. 

1. Find the locus of the centres of circles that pass 
through a given point and touch a given straight line. 

2. Given a circle and a diameter of it, find the locus of 
points equally distant from that diameter and the circum- 
ference. 

3. The tangent at any point cuts the directrix and the 
latus rectum produced at points equally distant from the 
focus.* 

4. The circle on any focal chord as diameter touches the 
directrix ; and the circle on the focal distance of any point 
on the parabola touches the tangent at the vertex. 

5. The normals at the extremities of any focal chord 
intersect on the diameter that bisects that chord. 

6. If a parabola roll on an equal fixed parabola, com- 
mencing with the vertices touching, the focus of the former 
describes the directrix of the latter. 

7. Given three points on a parabola, find its focus and 
directrix. 

8. The diameter of the circle described through the 
vertex and extremities of the latus rectum is equal to 5a. 

9. K a radius vector be drawn making an angle of 60° 
with the axis, it will be equal to 4a ; also, with the normal 
at the point and the axis, it will make an equilateral 
triangle. 

10. K the triangle formed by three tangents to a para- 
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bola be circumscribed by a circle, tbe circle will pass 
through the focus. 

11. The chord bisected by any diameter is equal to four 
times the focal distance of the point where the diameter 
meets the parabola. 

12. If two equal parabolas be described with the same 
focus, but in opposit'O directions, the tangents at their 
points of intersection are at right angles. 

13. Find the locus of the middle points of chords drawn 
from the vertex of a parabola. 

\_An8. A parabola with the same vertex and axis, 
the distance fi'om its focus and directrix being half 
that of the given parabola. 

14. The same two points are the focus and vertex of 
one parabola, and the vertex and focus of another ; find the 
area between the curves. 

{^Ana. 4^', where a is the distance between the points. 

15. Given two tangents and their chord of contact, to 
find a series of points on the parabola. • 

[Ans. Join the intersection of the tangents with 
the middle point of the chord, the middle point of 
this joining line is a point on the parabola ; a straight 
line through this point parallel to the chord is a 
tangent to the parabola ; with this and the two given 
tangents two more points can be found ; and so on. 

16. Given the vertex of a parabola and a chord at right 
angles to the axis, find a series of points on the curve. 

[Ans. The mt thod of the preceding example can be 
easily made to apply to this case. 
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CHAPTER VIL 

THE EQUATION TO THE PAEABOLA. 

68. It is plain, from Articles 35 and 36, that the genera] 
equation of the second degree can only represent curves 
which meet a straight line in no more than two points. 
For if a straight line was intersected in three points, then 
it is evident, by taking that straight line as one of the axes, 
that particular values of one must give three corresponding 
values of the other variable, which must therefore appear 
in the equation in the third power. 

It can be shewn that the general equation of the second 
degree always represents one of the curves which are 
formed by the plane sections of a cone. To prbve this 
would exceed the limits of this book ; we will therefore 
consider these curves as they are represented by their 
equations when these equations are derived from the 
simplest properties of the curve. These equations will be 
found to be of the second degree. Subsequently it will be 
shewn that the curves are those formed by a plane inter- 
secting a cone. 

The simplest case, that of a circle, has been considered as 
the locus of a point whose distance from a fixed point is 
constant. 

69. The parabola comes next in order of simplicity. And 
its equation can be derived from the same definition used 
in the geometrical discussion of its properties ; i.e., that 
it is the locus of a point equally distant from a fixed 
straight line called the directrix, and a fixed point called 
the focus. 
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Taking the directrix as axis of y, 
and any straight line perpendicular to 
it as axis of x, the equation to the 
parabola is easily found. Let the 
point F, whose coordinates are m and 
n, be the focus ; let P be any point (a?, 
y) on the curve, that is equally distant 
from Fand the directrix OL (FP=PL 
perpendicular from P to the directrix). 
Then, drawing the coordinates of P and F and FQ parallel 
to the axis of a?, we have 

FF^^FC^+PC^^ (ON'-OM)''\-(PN-^QN)\ 

But FP=PL=ON=:x, PN=y, OM=m, FM= n. There- 
fore 9^ = («— w)'-f (y—w)', or, expanding and collecting 
terms, y* = 2mx + 2ny — (m^-\-n^). 

The general form of the equation to the parabola, when 
the directrix is axis of y and any straight line perpendicular 
to it is axis of «, is y^ = Ax+B^ + 0, In this case the 
coordinates of the focus are ^A and |P, and G must be equal 
to — K^-'-f P'). Strictly speaking, the equation is 

y' = Ax+By-l(A'+B'). 

If a straight line parallel to the directrix, at a distance 
from it ky be taken as axis of y, then for x must be sub- 
stituted X zk k; this will only affect the indeterminate 
coefficient. Conseq aently ^ = Ax -^-By + O will represent a 
parabola, a diameter being axis of x, and a straight line parallel 
to the directrix being axis of y. The equation to the parabola 
can be put in a simpler form by taking the perpendicular 
to the directrix passing through the focus (i.6., the axis of 
the parabola) as axis of x. To transform the equation 
y' = 2mx + 2ny — {m^-{-n^) to the new origin, y-hn must be 
substituted for y, as the ordinate of any point with the old 
axes exceeds the ordinate to the old by the length n ; but 
the abscissa remains unchanged. Therefore 

(y-f w-)' = 2mx+2ny—(m^+n^), 

that is, y' = 2mx—m^. 

This is the equation to a parabola when the directrix is 
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axis of y and the perpendicular through the focus is axis of 
X, This perpendicular is called the axis of the parabola, 
and from the equation the curve is evidently symmetrical 
on both sides of it. For, in the above equation, for any 
value of X there are manifestly two equal and opposite 
values o£y. 

70. If the vertex which bisects the distance from the 
focus to the directrix be taken as origin, the equation be- 
comes further simplified. Let the line FD, whose length 
has been called m, be equal to 2a, then the equation referred 
to DF and DM as axes becomes y' = 4sax—Aid^. To trans- 
form the origin to iS, the middle point of BF^ x-k-a must 
be substituted for x (the coordinates of the new origin 
being aj = a, y = 0). The equation y' = 4aaj— 4a' becomes 
y' = 4a {x-^-a) —4a', that is, y' = 4aa;. This is the simplest 
form of the equation to the parabola : the origin is on the 
parabola, at the point where it cuts the principal axis. 
When the equation of the parabola is mentioned without 
any specified form being referred to, the form y'=4aaj is to 
be understood. 

If the equation isy'=— 4aa!, then the parabola is turned 
in the opposite direction, the distance of the focus from the 
vertex being — a ; that is, the focus is on the negative side 
of the axis of x. If the equation is n? =^4iay, then the focus 
is on the axis of y and at a distance from the origin equal 
to a. Kit is of the form »' = — 4ay, the focus is on the 
axis of y, at a distance —a on the negative side of the 
origin. 

71. The polar equation may be 
found when the focus is taken as 
origin, and the axis as initial line, 
thus : FP = r, and PFM=e ; then, 
by definition of parabola, 

FF = FLr:zDM:= DF+FM; 
that is, r = 2a -fr cos 8 ; therefore 
r(l-cos6) =2a. 
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If be measured from the straight line FB^ then 
FM = r cos ("•—6), and finally 

r(l-fco8 0) = 2a. 

When the vertex is taken as origin, the axis being initial 
line, the polar equation may be found by substituting 
T sin Q for y, and r cos Q for », then y^ = 4cwj becomes 

t^8in»fl = 4arcos0, ovr^^^^, 

72. The equation of the tangent to a parabola can be 
found by the same method used to find the equation of a 
tangent to a circle. Let (ajj, yj and (a?,, yj) be two adjacent 
points on the parabola y^ = ioa;, then the equation to the 

secant through them is y—yi = ^^s^^^ (aJ—^i)* 

a?2 x^ 

We have now to find a value of ^Ll^ which will not 

become indeterminate when a?, = x^ and 2/8 = yi- Since 
(a?!, i/i) and (ajj, y^) are both on the parabola, y\ = 4aa5i and 

yj = 4aaj8. Therefore, subtracting, yj — y^ = 4a (a^— aj^), 

or (yj— yO (y2+yi) = 4a(aj,— a^). From this it follows 

that ^2 — ui = ^ The equation to the secant may 

therefore be written y — y^=: — — (aj—ayj), which becomes, 

1 1. . 2/j+yi 

when the points coincide and the secant becomes a tangent^ 

2a 
y— yi = — (aj — a^). Multiplying out, we have 

yyi'-y\ = 2aa>— 2aa;i. 
But yl = 4^ ; therefore 

yy^ = 2aaj— 2aa4+4aaJi, or yy^ = 2a (aj+ajj). 

This is the equation of the tangent to a parabola. 

The equation to the normal is found by taking the equa- 
tion of the line passing through (a^, yj and perpendicular 

to the tangent, that is, y— yi = "- o ' («~"2Ji). 
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The important property of the parabola, that the sub- 
normal at any point is . constant and equal to 2a, easily 
follows from the equation to the normal. Putting i/ = 0, 
we get the intercept on the axis made by the normal ; thus 

— Wj = ^^^ (aj — aji), or 2a = a?— aji, therefore x = 2a+a;i ; 
2a 

therefore, subtracting the abscissa of the point, we get the 
subnormal =2a-\-x^ — Xi=^ 2a. 

73. A diameter (i.e., a lime at right angles to the di- 
rectrix) is locus of the middle points of a series of parallel 
chorth. 

This can be easily proved analytically : y=wa5-|-/3, where 
m is constant and p is variable, represents all straight lines 
which are parallel to each other. When this is combined 

with the equation of the parabola y^ = 4aaj, or a; = J-, by 

substituting for d?, we have ^Lzl. = K^^ which gives the 

wt ^a 

ordinates of the extremities of the chords made by the 

straight lines of the given directrix. Putting this in its 

simplest form y* ^H = 0, we find that the sum of 

the values of ?/ is — (for it is equal to the coeflBcient of 

m 

the second term with its sign changed), therefore the 

ordinate of the middle point which is equal to half this 

2a 
sum is — . This is independent of /3 ; therefore the middle 

m 

point of the chord made by y = maj-f /3 must always lie on 

2a . . . 

the line y = — ; i.e., on a line parallel to the axis of a?. 

m 

(From this property the straight lines perpendicular to the 

directrix are called diameters.) 

N.B. — It depends on the value of ^3 whether the straight 

line cats the parabola or not. If it does not, then the roots 

of y in y' rV-^ = are imaginary; but their sum 

_ m m o y 

is real. Compare Art. 53. 
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74. To find the equation to the parabola referred to any 
diameter, and the tangent where it meets the curve, as a^xes. J 

In Article 65 there is a geometrical solution of this, 
TIP = 4 QN. QF is the same as y' = 4a aj, where a is the 
focal distance of the new origin ; QF = a', TN = y, and 
QN = X referred to QN and QL as axes. 

But it may be as well to do this analytically. Let the 
coordinates of the new origin be h, k. Transforming the 
equation to that origin without changing the direction of 
the axes, the equation y^ = 4aaj becomes 

(y + ky^4^a(x + h) 

(Art. 31). Changing the direction of the axis of y, and 
taking as the angle between the diameter and tangent, 
which becomes axis of y, we have in the formula given in 
Article 32, since w = 90°, a = 0°, and /3 = 0, to put for a?, 
x+ycosd, and for y to put ysind. The above equation 

becomes (y sin d+ky = 4ia(x-\-y cos O-^-h), 
or, expanding, 

y' sin* d-{-2y (k sin — 2a cos d) -|- Z;*— 4a^ = 4aaj. 

But since {h, k) is a point on the parabola P = 4ai^ ; also 
drawing the normal at that point, we have evidently, from 
the subnormal being equal to 2a, 

^ = 2a cot 0, or A: sin = 2a cos 0. 

The coefficient of y becomes 0; therefore the equation 

becomes y* sin' = 4aaj, or v' = 4 . , x. 
^ ' ^ sin'0 

It can be further shewn that a', the focal distance of the 

new origin, is equal to . , . 

^ sin*0 

For its focal distance, being equal to its distance from. 

the directrix, is equal to a+h. Consequently, we have 

a = a + h = a A = a-t-a cot' 

4a 

= a (l-h cot' 0) = a cosec' = — ^,— . 

Bm'0 
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The equation y' = 4 -r-rr x may be written y^ = 4a-'aj, 

sin d 

where a' is the focal distance of the origin. 

75. The properties of the chord of contact, and of poles 
and polars, proved for the circle, are applicable to the 
parabola, and to all the conic sections. 

To find the equation of the chord of contact of two tangents 
frtym a 'point (h, k) to a parabola y^ = 4aaj. 

Let »!, 2/x be the coordinates of the point of contact of 
one tangent, and x^, y^ of the point of contact of the other. 
The equation of the first tangent is yyi = 2a (aj-f »i) ; since 
this passes through (h, k), we have ky^ = 2a (h+a^. 
Again, the equation to the other tangent is yy^ = 2a (»+ a;,), 
and since this also passes through (h, k), ky^ = 2a (A-l-ajj). 
Hence it follows that % = 2a(aj-fA) is the equation to 
the chord of contact. For it is obviously the equation to a 
straight line, and it is satisfied by x^, y^ and x^, y^, the 
coordinates of the two points of contact, therefore it is the 
straight line joining them. 

76. If chords are drawn to a parabola through a given 
pointy and tangents drawn at the extremities of each chords 
the locus of their intersections is a straight line. 

Let (h, k) be the coordinates of the point through which 
the chords are drawn, and let the coordinates of the point 
at which the tangents at the extremities of one of the 
chords meet be arj, y^. 

Then the equation to the corresponding chord of contact 
is 2/2/i = 2a(aj+a5i). But this chord passes through the 
point (h, k) ; therefore ky^ = 2a (k-^-x^). Similarly it can 
be proved that the coordinates of the points of contact of 
two tangents drawn at the extremities of any other chord 
passing through the point (hy k) satisfy the equation 

ky =: 2a (x+h). 

This equation, which represents a straight line, represents 
the required locus. 
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77. If from any point in a straight line tangents he drawn 
to a parabola, the chords of contact will pass through a given 
povnt. 

Let Ax-\-By-\-0 = be the equation to the straight line, 
and A, k the coordinates of a point on it. The equation to 
the corresponding chord of contact is iky = 2a {aj + ^). 
But, since (^, k) is a point on the given straight line, 

Ah + Bk-{-C= 0, therefore k=- 4^±^. 

jD 

The equation to the chord of contact may therefore be 
written 

-^iA±^y = 2a(aj + ^), or -^ (^ + 2a) = 2aaj+|y. 

Kow, whatever be the value of A, the straight line repre- 
sented must pass through the intersection of the two sti*aight 

A 

lines — 2/-|-2a = and 2ax-\-r^y = 0, that is, through 

., . , G 2aB 
the pomt aj = — , y = — . 

The general observations on the properties of the chord 
of contact and poles and polars, made in reference to the 
circle, are applicable also to the parabola, and indeed to the 
conic sections generally ; and may be proved by the same 
method employed in these cases. 

It will form an easy and useful exercise for the student 
to prove analytically the properties of which geometrical 
proofs have been given in Articles 54 to 66. 

78. To find the envelope of the straight line y = wa; H 

(m "being variable), ^ 

By the envelope of a straight line is meant a curve which 
under a given condition it must touch. This condition may 
be given analytically or geometrically. 

In Art. 42 it was proved that any straight line whose 
equation was of the form 

y = mx -f- c V 1 -|- wi', 
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mast toucli a circle wifch its centre at the origin, and its 
radius equal to c ; no matter what the value of m. This 
might be expressed by saying that the circle x^ -f y^ = c* 

was the envelope of the straight line y = mx-\-cvl-\-^\ 

Again, if a chord of given length be inscribed in a circle, 
it must touch a- concentric circle, the square of whose radius 
is equal to the difference of the squares of the radius of 
the given circle and of half the given length of chord. This 
concentric circle is the envelope of chords of the given 
length in the given circle, or of all lines making chords of 
the given length in the given circle. 

We will now proceed to shew that the straight line 

y = mx -\ , whatever be the value of m, must touch the 

m 

parabola y^ = 4a.aj. See figure to Art. 59. 

Take, on the axis of y, a length AP equal to the indeter- 
minate coefficient of the straight line, that is, its intercept on 
the axis of y. Take, on the axis of x, AF = a. Join FP, 

Since tan APF = —— = — = m, therefore the angle APF 

AF a 

m 
^= the angle PKA which the straight line makes with the 
axis of X. Consequently, the triangles APF and PKF^ 
having one angle common and another in each equal, must 
be equal in every respect, therefore the angle FPK is right, 
therefore the straight line KP must be a tangent to the 
parabola y^ = 4aa;, for it fulfils the condition that the 
perpendicular from the focus meets it on the axis of y, which 
is the tangent at the vertex. 



Exercises on the Parabola. 

1. Find the equations to the tangent and normal at the 
extremity of the Latus Rectnm 

[Arts, t/— aj = a, .and y-\-x = 8a. 

2. Trace the curves (i.e , find coordinates of focus and 
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position of directrix) 7/ = 5aj, y* = 6a; -f- 10, a?' = 3y-2, 

[Ans. to last Coordinates of focus are f , f ; 
directrix % = 33, 

3. Find the equation to the circle that passes through 
thft vertex and the extremities of the Latus Rectum of the 
parabola 1/ = 4ajB. [Arts, x^^y^—^ax = 0. 

4. Find the equations to the tangent and normal at the 
extremities of the Latus Rectum. 

[Ans. y—x = a, and y-\-x =: 3a. 

5. Find the length of the focal chord of a parabola in- 

clined at an angle to the axis. [Ans, -. „ . 

° sm^ o 

6. Find the area of the triangle formed by this chord, 
and the tangents at its extremities. [Ans. . 3 . 

7. A normal is drawn at the extremity of the Latus 
Rectum, find the coordinates of the point where it meets 
the parabola again, and the length of the chord it makes. 

[Ans. a? = 9a, y =— 6a, length of chord = 2' a. 

8. In the parabola y^ = Ax-\-By-\-C, what straight lines 
are represented by the equations 

2/ = and Axi-By + C = 0? 

[Ans. A diameter, and the tangent where that 
diameter meets the curve. 

9. If from any point on a parabola a tangent and a 
chord be drawn, the intercept on any diameter between 
the chord and tangent is cut by the curve in the same ratio 
as the diameter cuts the chord. 

10. From the intersection of the axis and directrix chords 
are drawn, find the locus of their middle points. 

[Ans. The parabola y^ = 2a(x + a). 

11. Find the locus of the intersection of the normals at 
the extremities of a focal chord. 

[Ans, The parabola y^ = aaj— 3a'. 

12. The harmonic mean between the segments of a focal 
chord = 2a. 
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CHAPTER VIII. 

THE ELLIPSE. 

79. The next curve to be considered is the Ellipse. This 
is of the form commonly called oval, and can be very easily 
described in the following manner : — If the ends of a string 
be fastened at two points, a pencil which keeps the string 
extended will, as it moves, describe an ellipse. The two 
fixed points are called the foci, * The ellipse may therefore 
be defined as the locus of the vertex of a triangle of which 
the base and the sum of the sides are given, the extremi- 
ties of the base being the foci. This property of the curve 
may be thus expressed : — The sum of the focal distances 
(or radii) of any point on "it is constant. The form of the 
curve will depend on the ratio of the distance between the 
foci to the sum of the focal distances ; that is, the ratio of 
the distance between the two fixed points to which the 
string is fastened and of the length of the string. Thus 
if, while the length of the string or sum of the focal radii 
remains the same, the foci are moved nearer each other, 
the ellipse will become more like a circle ; and when they 
coincide, it will become a circle with a radius equal to half 
the sum of the focal radii. If, on the other hand, the foci 
be moved farther apart, the ellipse will become a more 
flattened oval. If the sum of the focal radii be called 2a, 
and the distance between the foci be called 2c, then this 

ratio, on which the form of the ellipse depends, is — . This 

is called the excentridiy of the ellipse, and is usually denoted 
by the letter e. This must always be fractional, as the 
length of the string manifestly cannot be less than the dis- 
tance between its extremities. It is in proportion to the 
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value of this fraction that the ellipse differs from a circle. 
In the circle it becomes = 0, the distance between the foci 
being nothing. It must be carefully bene in mind that it 
is not the absolute magoitude of the distance between the 
foci that determines the form of the ellipse, but its propor- 
tion to the length of the describing string or sum of the 
focal radii. For example, the distance between the foci of 
the elliptical orbit of the planet Saturn is 90,000 miles, yet 
if it were drawn to scale so as to be seen by us, its difference 
from a circle would be hardly perceptible. 

It is evident that, when the describing pencil passes the 
straight line joining the foci 
(which is called the major axis 
of the ellipse), it cuts it at 
points A and -4' (called the ver^ 
tices), so that AA'= 2a. For 

FA ^F'A = 2a, 

and FA'-\-rA'=2a. 

Therefore FA = F'A\ 




and 



A A' = rA'-hFA = FA+F'A = 2a, 



Also, when the describing pencil passes a straight line per- 
pendicular to FF' at its middle point C (this point is called 
the centre of the ellipse), it is at its shortest distance from 
that point, and the distances from the foci are equal, and 
are each = a. This distance from the centre is called 6, 
and is manifestly equal to y/a^ — c^. The intercept (BW) 
on this straight line made by the ellipse is called the minor 
axis, and is = 2&. Some of the leading properties of the 
ellipse can be very easily proved geometrically, as in the 
case of the parabola. 



80. The tangent at any point on the ellipse is the straight 
line equally inclined to the focal radii of that point. 

Let T be any point on an ellipse of which F and F' are 
the foci. Draw TM equally inclined to the focal radii (i.e., 
bisecting the external angle of the triangle FTF')^ and it 
is a tangent to the ellipse. For it has one point T on the 
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ellipse, and any other point on 
it, as M, may be proved to be 
outside the ellipse. Draw FM 
and F'M\ produce F'T till 
TL=^FT', join ML and F'M; 
Since rL=: F'T-hFT, FX 
= 2a. But F'M-\- ML > F'L ; 
and ML manifestly = FM, 
the triangles MTL and MTF 
being equal in every respect. (Euc, Book I., Prop. 4.) 
Consequently FM-^ F'M > 2a ; therefore the point M must 
be outside the ellipse, and the straight line TP, having one 
point on the ellipse and every other point outside the 
ellipse, is a tangent. (N.B. — It is manifest that for any 
point outside the ellipse the sum of the focal distances ex- 
ceeds 2a, and for any point inside the ellipse the sum of 
the focal distances is less than 2a.) 



81. To find the locus of the foot of the perpendicular from 
the focus on the tangent. 

Let P be the point where the perpendicular from the 
focus P, on any tangent 
jTP, meets it. (This point 
is called the foot of that 
perpendicular.) Produce 
FF to meet F'T produced 
in N, Then, by Euc, Bk. 
I., Prop. 26, the tri- 
angles FTF and FTN are 
equal in every respect ; P 
is the middle point of FN, and TN = TF ; consequently 
P[JV= F'T-{-FTz=2a, ^ Join 0, the centre of the ellipse, 
with P ; then OF = ^F'N, since it joins the middle points 
of the sides of the triangle F'FN; consequently GF = a. 
Therefore, the foot of the perpendicular from the focus on 
any tangent being at a distance from the centre equal to a, 
the locus of it is a circle whose centre is the centre of 
the ellipse, and whose radius is equal to the semi- axis 
major. 
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82. The product of the perpendiculars from the foci on the 
tangent equals tlie square of the semi- axis minor (=&*). 

This is easily proved by the auxiliary circle, as the 
perpendiculars FP and F^P 
meet the tangent on its cir- 
cumference, by preceding 
Article. Produce VO to meet 
PF in L ; this point must also 
be on the auxiliary circle, as 
the angle P'PJ?' is right. The 
triangles FGL and F'GP^ are 
manifestly equal (Euc, Bk. I., 
Prop. 4) ; therefore FL=FT. 
Therefore 

FPxF'P^FPxFL = AFxFA' 

(Euc, Bk. in., Prop. 35) 

= (a—c) (a-\-c) = a'—c' = 5'. 

83. If a perpendicular he erected at the focus to the radius 
vector of am,y point, and produced to Tneet the tam,gent to the 
ellipse at that pointy the locus of their intersection ^oill he a 
straight line. 

Let T be any point on the ellipse, and TP the tangent 
at it, P being its point of in- 
tersection with FP, the per- 
pendicular to FT at F. Pro- 
duce F'T, and make TM = 
TF ; and join PM. The tri- 
angles PTF and PTM are 
manifestly equal in every 
respect (Euc, Bk. I., Prop. 
4) ; consequently PM = 
PFy and the angle PMT = 
the angle PFT, and is a right angle. Therefore- 

rP^-^PM^ (= FP^-^FP^) = F'M^ 

= (rT+FTy = 4a«, 

Since the difference of the squares of the distances of the 
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point P from the points F and F' is constant, the locus of 
P must be a straight line perpendicular to the line join- 
ing FF". (Euc, Book II., Prop. 13, Cor.) 

This straight line is called the directrix, and it has a 
relation to the ellipse similar to the relation of the directrix 
to the parabola. In the ellipse there are manifestly two 
directrices corresponding to the two foci. 

84. The ratio of the distances of any point on the ellipse 
from the focus and directrix is constant (= e). 

Let the same construction remain ; and draw TL perpen- 
dicular to the directrix DP, and join MF and ML. Because 
the angles TFP, TMP, and TLP are right, a circle on TF 
as diameter will pass through P, M, and L, Consequently 
the angle TLM is equal to the angle TFM. But tbo angle 
TFM is equal to the angle TMF (for Tif = TF). Therefore 
the angle TLM is equal to the angle FMF\ Also, since 
TL is parallel to FF, both being at right angles to the 
directrix, the angle MTL is equal to the angle MFF. 
Consequently the triangles MTL and MFF are similar. 

Therefore ^ = ^' = |^. But TM = TF, Therefore 
TL FM 2a 

TF_ c _ 
TL-'a-^' 

85. The external angle between the focal radii of any two 
points on the ellipse is bisected by the straight line joining the 
f(fcus with the intersection of the directrix and the clwrd join- 
ing the points.* 

For if T and T be the points, and D the point where the 
chord joining them intersects the directrix, it is evident, by 
drawing the perpendiculars to the directrix, that 

. DT : Dr=^TL : TL' = FT : FT, 

The straight line FB cuts the base produced of the tri- 
angle TFT" in the ratio of the sides, and therefore is the 
bisector of the external vertical angle. 

• The student can easily snpply the figure. 
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86. To find the relation between the radins vector of a 
po'ut and the perpendicular from, the focus on the tangent at 
that point. 

It is evident, from the figure in Article 82, that the tri- 
angles TFP and TFT are similar. Therefore 

FP : rF = FT : rT, or p \ p = r : r\ 

Bat, by the same Article, p x jp' = h^. Therefore 

6V 



p : - - = r 



p r 

or 4V = — ^ = 



2a-r 



or p = 



2a— r 



87. If P he the intersection of the major axis with any tan- 
gent, and N the foot of the perpendicular from the point of 
contact on the major axis, G being the centre of the curve, then 
GNxCP=za\ 

Since TP is the bisector of the external vertical angle of 




jd'^jt' 



G JiT JF A. J> 



the triangle FTF', it cuts the base produced in the ratio of 
the sides. Consequently 



FP^ __ FT 
FP FT 



TL ND 



TL NU ' 
Compounding the ratios by addition and subtraction, we 

have ^'^±^^ = ^5:±^ 

FP-FP ND'-ND ' 

But FP-hFP = 2GP, and FP-FP^z 2GF = 2c. 



Also ND'i-ND=2GD = 2—, and Nn'-ND==2GN. 

e 
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2^ 
Therefore -^7 26'tf' 

or GPxGN=:cX -=eax -=:a\ 

e e 

88. If G he the point where the normal meets the major 
axis, then NG : GN = P : a^. 

The normal being at right angles to the bisector of the 
external vertical angle of FTF\ bisects the vertical angle. 

p, ., FG FT ND 

Consequently rG^ rT= ND" 

From this it follows that 

F'G-FG NTy-NB 2GG 2GN GG GN 
rG-\-FG ND'+ND' 2GF 2GD' o a^e 

GG c ^ 



From this, 



0^' , c a^ 

a-T- — 

a, 



GN-GG a^-c" ., . . NG 
-GN~ = -^' thatis, -^ ^, 



Therefore — — rz^ — = — r-, that is, —__ ,-. 

■^ ^^ .3 ' ' /77V/ n' 



89. If TN, the pei-pendicular on the majon' axis, he prodticed 
to meet the auxiliary circle in T', then T'N : TN =z a I h. 

Since GPxGN=: a\ i.e., GPxGN= GT^ (GT being the 
radius of the auxiliary circle) ; therefore GTT is a triangle 
right-angled at T. Also, by the preceding Article, 

y— = —J. Multiplying the numerator and denominator 

^ PNxNG V 

of the first fraction by PN, we have :irTz — prrp = — r* ^^^ 

^ ' PNxGN a' 

since GTP is a right-angled triangle, and TN a perpen- 
dicular on the hypothenuse, PNxNG= TN^; and since 
GTP is a triangle right-angled at T, PNxGN^^TN^, 

TN^ fc* 
Therefore ^2=^- 

TN^ a^ 
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Cor. TN^ : ANxNA' = h^ : a\ 

For, since AT^A' is the angle in a semicircle, it is a 
right angle; therefore ANxNA' = TN^. Consequently 

ANxNA' a^' 

90. The area of an ellipse = vah. 

From this the area of the ellipse can be easily deduced* 
If the semi-ellipse and corresponding semicircle of the 
auxiliary circle be divided into a number of infinitely thin 
slices by straight lines parallel to the minor axis, each slice 
of the semi-ellipse is to the corresponding slice of the semi- 
circle as h to a. Consequently their sums (i. e., the semi- 
ellipse and semicircle) are as h to a. 

The area of the ellipse is therefore to the circle on the 
major axis as 6 to a ; and, the area of the circle being Tra', 
the area of the ellipse is irah. Consequently the area of an 
ellipse is equal to the area of a circle whose radius is a 
mean proportional between the major and minor semi-axes 
of the ellipse. 



Geometrical Exercises on the Ellipse. 

1. If the extremities of a focal chord be joined with the 
point where the major axis meets the directrix, the angle 
between the joining lines is bisected by the major axis. 

2. Shew that the least angle between the tangent and 
focal radius at a point is at the extremity of the minor 
axis. 

3. Draw a pair of tangents from a given external point. 

4. Draw a normal from a given point on the minor axis. 

5. The Latus Bectum and the major and minor axes are 
in continued proportion. 

6. A pair of tangents from any point subtend equal angles 
at each of the foci. 
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7. If a circle be described toncbing tbe major axis at a 
focns and passing tbrougb tbe extremity of tbe minor axis, 
tben tbe semi-axes minor and major and tbe diameter of tbe 
circle will be in continued proportion. 

8. Prove tbat tbe circle on any focal radius as diameter 
toucbes tbe auxiliary circle. 

9. Given one focus and tbree points on tbe ellipse, 
describe it. 

10. Given tbe foci and a tangent to tbe ellipse, de- 
scribe it. 

11. If tbe tangent at any point T on tbe ellipse meets 
tbe minor axis produced in K, and TM be drawn perpen- 
dicalar to tbe minor axis, tben (0 being tbe centre) 
CKxGM=h\ 
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CHAPTER IX. 

EQUATION TO THE ELLIPSE. 

91. From the method of describing the ellipse by a string 
whose ends are fastened at the foci, in other words, from 
the property that the sum of the focal radii is constant 
(r-f /= 2a), the equation of the ellipse can be very easily 
found. Take the centre as origin, the major axis as axis 
of X, and the minor axis as axis of y. 

Let r and r be the focal distances of any point on the 
ellipse, its coordinates being x and y. Then 

r = ^/f^\-(c + x)\ and /^^/y^ + ic-xy. 
Consequently, 

2a (by hypothesis =z r-{-r) 



= s/y' + (,c-hxy-\-,/f-t(c-xy. 
Squaring both sides, we have 



4a^=2f-^(c-hxy-h{c-xy-h2^/[y'-\-(c-^xy][f/'+(c-xyi 

Bring over to the left hand all that is not under the radical 
sign, and substituting for c^ its value a*— &^, we "have 

Again, squaring both sides, substituting for c^ its value 
a?—b\ and cancelling, we finally obtain h^x^ + a^i/^ =: oi?h^ \ 

which may be written — -f Ti = 1- This is the simplest 
form of the equation to the ellipse. 

92. The focal distances r a/rid r' of any point on the ellipse 
are respectively a -hex, and a-^ex. 

For r^^y^-hic+xy and r'^ = y^ + Cc-aj)^ Therefore 
r* — r^ = 4>cx ; therefore 

(r-{-r)(r—r) = 4caj, or 2a (r—r) = 4caj. 
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Therefore the difference of the rp,dii vectores 

(r—r) = 2 — or 2eaj, 
a 

(Art. 79). Since the sum of the focal distances is 2a, and 
their difference is 2eaj, they must respectively be 

a-\-ex and a— ex. 



EQUATIONS TO THE TANGENT AND NORMAL. 

93. These can be found by the same method as used for 
the circle and parabola. The equation to the secant through 
two points on the ellipse (x\ y), and (x\ y"), is 



-2/'=^^ — ^(JB-OJ'). 



y . 

X —X 

Putting in the condition that both points are on the ellipse 
and satisfy its equation, we have 

aY + h'x'^^a'b^ and aY'^ + h'x'' = aV ; 

and, subtracting, we obtain 

From this it follows that 

y — y a; 4" J? 

X — X a-y+y 

Therefore, when the two points coincide, and the secant be- 
comes a tangent, the equation becomes 

y—y = 2 —r(x—x). 

o? y 

This may be written 

a?yy + Vxx = o V + ^^^^ = a'^'> 
since the point {pc\ y) is on the ellipse. The equation to the 

tangent may therefore be written ^ -f- ^ = 1, which is 
its simplest form. ^ ^ 
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94. Equation to the nomuil. — ^The equation to the tangent 
may be written y = t-,X'\-—^, 

The normal being at right angles to it and passing through 
the point (x\ y'), its equation is evidently 

95. Hie equaiion to tlie auxiliary circle having its centre at 
the origin and its radius =a, t& manifestly a^+^^ = a'. 

From this the property proved in Article 89 follows 
immediately, that if the ordinate of any point on the elUpse 
be produced to meet the auxiliary circle, the ordinate of 
the corresponding point on the circle is to the ordinate of 
the point on the ellipse as a to 6. For the abscisssB of both 
points is the same, and the equation to the ellipse may be 

written y^ = —r- (a*— jb*), and the equation to the circle 

a 

y* = a'— a;' ; when x is the same in both, then it is that the 

y in the first is to the y in the second as 6 to a. 

96. The polar equation to the ellipse is easily found when 
the centre is origin and major axis the initial line, by substi- 
tuting r cos d for sb, and r sin for y in the equation in 
Art. 91, and it becomes 

r'(a«sin«0-f-6«cos'0) = aV, or?^+^^ = ^. 

When the focus is taken as origin, we have r = eTL^* 
that is, r=e (FD+FN) = e (p+r cos 0). 

To find the value of p in terms of a, we have 

p=zFD= FA-^-AD = FA+^ 

-^ e 

„ , . . a—c , a—ea a a(l — e*) 

that is, ^la^c-i =a-~ea-\ = eo= -^^ -^ 

' 6 e e e ' 

* See figme. Art 87. 
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Putting in this value for p, we have 
r= a (1— e') + ercosO, or r 



a(l-e») 
1— ecos d 



97. Ifp be the length of the perpendicular from the centre 
on the tangent, and a its inclination to the major aosis, 
p^ = d^ cof^ a-\-h^ dn^ a. 

From Arts. 12 and 92, 

X cos « 4-y sin a = j9, and — + ^ = 1, 

must both represent the tangent. Therefore, the coefl&cients 
being proportional, it follows that 



Therefore 



cos g 
P 
a cos a 

P 



X J sm a y 

= — , and = fj . 

"* p 



a 



X J & sin a i/ 

— , and = ^- 

a p 



.f^ 



Squaring and adding, we have 
a^ cos^ g , h^ sin^ a 

[since (», y'), the point of contact of the tangent, is on the 
ellipse], or a^ cos* a -f- &* sin* a = p*. 



a 



= ? +2- =1. 
— * ft* 



98. To find the locus of intersection of two tangents that 
are at right angles to each other. 

Let JfTi and MT^ be two 
tangents at right angles, and 
let the angle AGP^ be a, and 
the angle ACPi=a-\-90°. Then 

OPj = a* cos* o + &* sin* a, 

also GF2 = a* sin* a -f- 6* cos* a, 

adding 

CF^i + Gli = a'-\-h' = (P,P,y. 

But since GP^MP^ is a rectangle, (7Jif=PiP,. Consequently 
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Jlf is at a distance from C = \/a* + Z>*, and its locus is a circle 
with its centre at C and radius equal to y/ar-\-b'^, 

99. An instrument is frequently used for drawinrj the ellipse 
called the Trammel. , 

It consists of a straight line 
which as it moves has two 
points on it constrained to keep 
on two fixed straight lines at 
right angles to each other. 
Any point on the moving 
straight line will describe an — 

ellipse ; and its equation can be at once deduced. 

Let F be any point with coordinates x, y on the moving 
line, the fixed lines being taken as axes. PJkf will evi- 
dently be the minor axis h of the ellipse, and F'N the 
major axis a, FV=^y, and PK=^a. Now 

^^='smPNK=cosPMV; and ^=sinPJlfF; 
FN FM 

therefore ^^ + ^^, = cos^ FMV-^Bm'FMV = 1. 

Putting in the values, we get —^ "^ % ~ ^' 

The Trammel is also called the Elliptic Compass ; it is 
made so that the positions of Jf, N, or the tracing point P, 
^can be changed, in order that ellipses of different areas or 
of different excentricities can be described. 



CONJUGATE DIAMETERS. 
100. If («', y ) be a point on an ellipse, the equation to the 

diameter through it is xy-=.yx (1), 

as the centre is also the origin. The equation to the diameter 
parallel to the tangent at that point is 

^' + P- = m 
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For it is the equation to a straight line passing throngh the 
centre and origin, and it is parallel to the straight line 

~ -f -^ = 1, which is the equation to the tangent. (Art. 

92.) 

These diameters, t.e., that through any point on an 
ellipse and that parallel to the tangent at that point, are 
called a pair of conjugate diameters, and have several im- 
portant relations. The angles they make with the axis of x 
are thus connected. Let be the angle made by (1), and 
6^ the angle made by (2). Now (1) may be written 

y = ^x, and (2) may be written y = — -, ^ x ; conse- 

X V X .f y a: 

quently (Art. 10), tan = -^, and tan 0'= -, — r. There- 
^ "^ X y Of 

fore tan . tan 6'= —r, 

or 



101. Covjttgate diameters bisect the chords parallel to each 
other, 

xy =z yx-^G will represent, by giving different values to 
0, every chord parallel to the diameter passing through 

the point (x\ y^), and it can be written y = ^ — - — . Putting 

X 

in this value of y in the equation of the ellipse 

the resulting quadratic in x will give the abscisssB of the 
extremities of the chord ; and the abscissa of the middle 
point of the chord will be half the sum of the abscissBB of 
the extremities ; that is, half the sum of the roots of the 

equation 6 V H ^-^-7^ — '- = aV. 

X 

Now the sum of the roots is equal to the coefficient of the 
second term with its sign changed, when the equation is 
put into its simplest form. Reducing this equation to find 

a 
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the coefficient of the second term, we may neglect the 
terms which do not involve x, and we have 

6V+^%.+^., or 6VH^%.+2^ 

XX X X 

and since (»', y') is a point on the ellipse, 

this becomes — ^ x^ -\ ^ x which gives as coefficient of 

O '/Hf 

x^ -^^ ; and the abscissa of the middle point of the chord 

In the same way it will be found that the ordinate of the- 

xG 
middle point of the chord is — -.* 
^ a"- 

But these values of x and y satisfy the equation of the 
conjugate diameter -^ •^-'^=.0, Consequently, the middle 

point of a chord parallel to the diameter xy = yx is on the 
conjugate diameter. 

The same process may be pursued with chords parallel 

to the other diameter — -f 2^ = 0. 

or 0* 

These must aU be represented by 

Patting this value of x in the equation to the ellipse, we 
have ^*(|i-'+0)'+ay = a»6'. 

Proceeding to obtain the coefficient of y in this equation 
in its simplest form, it becomes 

* In the first step, C muflt be taken with opposite sign, as is obviously 
the case. 
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This becomes -~^ y^-^2G —^ ; and the coefl&cient of ^ is 

2Gy\ Therefore the y of the middle point = ~ C/, 
Similarly the x of the middle point is found to be ~ Cx' ; 
and these values manifestly satisfy the equation x'y = y'x,* 

102. Conjugate diameters are parallel to supplemental 
chords. (Supplemental chords are those drawn from any 
point on the cui've to extremities of any diameter,) 

Let P be the point, and A and 
B the extremities of a diameter. 
The diameter through the middle 
point of PB is parallel to AF 
(as it joins the middle points of 
the sides of the triangle ABP) ; 
also the diameter through the 
middle point of AP is parallel to BP, Tjiese diameters 
therefore bisect the chords parallel to each other, and are 
conjugate. 

103. To find the coordinates of the extremity of the diameter 
conjugate to a diameter passing through a given point. 

Let a:\ y be the coordinates of the given point, the equa- 
tion of the diameter conjugate to that passing through it is 

' ' 7 9/ 

XX . vu A —Irx 

~>"*"U = ^' or y = — r — »• 
o a y 

Putting in this value of y in the equation to the ellipse^ 
we get 

axi "bjc 

from which a; = ± ^-, Similarly, y = =t — . The positive 

• From the property here proved, that conjugate diameters bisect 
the chords parallel to each other, it follows obviously that the tangent 
at the extremity of a diameter is parallel to the conjugate diameter. 
For a chord drawn at that point parallel to the conjugate diam^eter ifl« 
also bisected at that point, and must be therefore a tangent. 
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and negative signs show that the coordinates of the opposite 
extremities of the diameter are equal, but of opposite signs, 
as is evidently the case. 

104. The sum of the squares of a pair of conjugate semi- 
diameisrs is constant. 

Let the conjugate semi-diameters be termed respectively 
a and h\ a being the straight line from the origin to the 
point {x\ y), it follows that a'^ = aj''+y'*. Similarly, from 



b' "^ a« • 



above, Ir = -vj- + 

Therefore 






N.B. — The major and minor axes are a pair of conjugate 
diameters. 

105. The 'product of the focal radii of appoint on the ellipse 
is equal to the square of the conjugate semi-diameter of the 
point {i.e., rT'= IP). 

For &'» = a' + fe'-a'' = a^^V^x'^^y'^ 

= a^^ 1^-=^) x"^ = a^- ^x' = a'-e^aj" = rr\ 
(Art. 82.) 

106. The perpendicular from the centre on the tangent is 
equal to -p- 

Tbe perpendicular from the origin on the straight line 
^+^' = 1 is (Art. 24) 



ab 
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But 6'« = ^ + ^ (A.rt. 104). Therefore the perpen- 
a 

dicular p = t/- 
o 



107. The angle between a pair of conjugate diameters is 
. _i ab 
ao 

Let GT and GT be a pair of 
conjugate semi-diameters, TP the 
tangent at IT, parallel to GT, and 
GF the pei*pen dicular (») on it. 

Now 

sin TGT^z sin GTP =-2. = ^,, 



a 



ab 




108. The area of the triangle formed by a pair of conjugate 
semi-diameterSy and the straight Ivne joining their extremities, 
is constant 

The triangle TGr= \a\ 6' sin TOr= \ ^^ = \ab. 

From this it evidently follows that the area of the 
parallelogram formed hj the tangents at the extremities of 
a pair of conj agate diameters, being equal to eight times 
the triangle, is equal to 4a&. 

It is evident that the diameters parallel to the straight 
lines joining the extremities of the major and minor axes 
are conjugate (Art. 102), and are equal ; and that their in- 
clinations to the axis of x are respectively 

tan-^- 



a 



and tan"^ — , 
a 



and that the length of these semi- diameters is \ v^-j-P. 

109. Starting with the property of the ellipse that it is 
the locus of points the ratio of whose distance from a fixed 
point and a fixed straight line is constant and less than 
unity, its equation might have been found by a method 
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similar to that nsed. in the case of the parabola, thns : Let 
the directrix be taken as axis of y, and the major axis as 
axis of X, and let the distance of the focns from the directrix 
be called^. Then, since r=cTL, and TL is equal to x, the 
abscissa of the point T ; and calling its ordinate y, we have 

since r* = ^TP, y*+(»— p*) = eV, 

or i/'-|-(l-e*) aj*— 2paj+p' = 0. 

Let 6 = 1, that is, let TF = TLy which is the condition that 
the curve should be a parabola, and the coeflficient of x in 
this equation vanishes, and it becomes y' = 2px—p^^ which 
(Art. 69) is the equation to a parabola. The parabola 
may therefore be considered a variety of the ellipse, its 
excentricity being unity. 

The student can easHy supply a figure. 



Exercises on the Equation of the Ellipse. 

[N-B. — Many of the properties and exercises for geo- 
metrical methods may be proved analytically, and form a 
useful exercise. — E- g-, Art. 87 and the geometrical ex- 
ample 11 follow instantly from the equation of the tan- 
gent.] 

1. Find the excentricity of the ellipse -=- + -^ = 1 > ai^d 

of the ellipse faj^+fi/" = ^^- \_An8. ^\\ and f. 

2. Transform the first of the above to the equal conju- 
gate diameters as axes. 

[J.rw. aj* + i/' = 6. Why does not tliis represent 
a circle ? 

3. Shew that the equation to the tangent at the extremity 
of the Latus Kectum of an ellipse is ca;-hay = a'. 

4. Find the equation to the normal at the extremity of 
the Latus Bectum of the ellipse 3a;'+4y^ = 9. 

\A.n8, y = 2aj— ^2~* 
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5. If r^, r, are two semi-diameters at right angles to each 

other, show that —r-\ — 5- is constant. 

'1 '2 

6. The chords joining the extremities of diameters at 
right angles tonch a fixed circle. 

7. An ellipse slides between two straight lines at right 
angles, find the locus of its centre. 

8. Find the coordinates of a point on the ellipse snch 
that the tangent at it makes equal angles with the axis. 

lAns, X = , y = 



9. 2y = Sxia 2i, diameter of the ellipse 0^+2^" = 4, find 
the equation of the diameter conjugate to it. 

[Ans. 9y + 2aj = 0. 

10. Of the angles between a tangent and diameter at the 
point of contact, the least is when the diameter is one of 
the equal conjugate diameters. 

11. If a variable tangent meet two fixed parallel tangents, 
the product of the intercepts made on them will be equal 
to the square of the semi-diameter parallel to them. 

12. If any tangent meet a pair of conjugate diameters, 
the product of the segments of it is equal to the square of 
the semi-diameter parallel to it. 

13. Two equal rulers are jointed together, the extremity 
of one is fixed at a point, and the extremity of the other 
moves on a straight line through the point ; find the equa- 
tion to the curve described by any point on the second 
ruler. 

lAns, Let m be length of ruler, and n the dis- 
tance of the point from the joint, the equation is 

14. A circle is inscribed in the triangle formed by the 
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focal radii of any point on the ellipse and the major axis, 
find the locus of its centre. 

[Ans, Let (»', y') be the point on the ellipse, and 

(«, y) the centre of circle, then y = radius of circle 

area of trianirle ey , 

= : : — p— = — ^ ; also X = 8—r—c = ex . 

semi- perimeter a-\-c 

Pat in yalnes of » and y' in the equation 

a' ^ i« ' 

and the result is an ellipse. 

15. If two points be taken on the minor axis at a dis- 
tance c from the centre, the sum of the squares of the per- 
pendiculars from them on any tangent is constant. 
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CHAPTER IX. 

THE HYPEBBOLA. 

110. The simplest property of the hyperbola is that it is 
the locus of a point the difference of whose distances from 
two fixed points is constant. The two fixed points are 
called the foci. This is analogous to the definition from 
which the properties and equation of the ellipse were 
deduced. 

The hyperbola may be defined as the locus of the yertex 
of a triangle of which the base and the difference of the 
sides are given ; the extremities of the given base are the 
foci. From this we can easily see what the form of the 
curve must be. It will have two sides or branches similar 
to each other, as the greater side of the triangle, or longer 
radius vector of the curve, is measured from one focus or 
the other. As the difference, being constant, imposes no 
limit on the length of the sides of the triangle, each branch 
of the curve will go to infinity above and below the given 
base. Also, as the difference of the two sides of a triangle 
must be less than the third, the curve must pass between 
the foci. 

The distance between the foci is called 2c, and the given 
difference of the distances of any point on the curve from 
the foci is called 2a. Thus the locus may be expressed 
T—r =■ 2a. The straight line joining the foci is called the 
transverse axis of the hyperbola, and the points where the 
curve cuts it are called the 'oeriiceSy and the d istance be- 
tween is manifestly equal to 2a. Also '^c^—c^ = 6. 

The ratio — is called the excentricity, e, of the hyper- 
a 

bola, and is manifestly greater than unity. 

The property of the focus and directrix will be shewn 
afterwards to exist in the hyperbola as in the ellipse ; i. 6., 
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that the ratio of the distances of a point on it from the 
focus and directrix is constant, = e. The three conic sec- 
tions may therefore be summed up in one definition, the 
loci of points the ratio of whose distances from a fixed 
point (the focus) and from a fixed straight line (the direc- 
trix) is constant. Let that ratio = e ; then, if 6 is less 
than unity, it is an ellipse ; if e = 1, it is a parabola ; if e 
is greater than unity, it is a hyperbola. 

The properties of the ellipse closely resemble those of 
the hyperbola, and the proofs given in preceding Chapter 
can be repeated in this with very little change. 

111. The tangent at amy point on the "hyperbola is th& 
straight liive equally inclined to the focal radii of that point. 

Let T be any point on the hyperbola, of which F and F 
are the foci. Draw TF 
equally inclined to the 
focal radii (i. e., . bisect- 
ing the angle between 
them) ; and it can be 
proved to be a tangent 
to the curve. 

For it has one point 
T on the hyperbola, and 
any other point on it, as 
If, may be proved outside the hyperbola. 

Draw FM and F'M, and take L on F'T so that TL=TF 
and F'L = F'T-FT:=2a; join FL and ML, Since TL 
= TFy and T bisecting FTL is common to both triangles 
FTP and LTP^ they are equal in every respect; and 
MF-ML = MF'-MF, But MF'-ML < F'L ; therefore 
MF'-^MF is less than 2a ; therefore Jf is outside the curve. 
Consequently TP, having one point on the curve and every 
other point outside the curve, is a tangent. 

112. To find the locus of the foot of the perpendicular from 
the focus on tJie tangent. 

Since P is middle point of FL^ and middle point of 
FF", it follows that GP = iF'L = a; therefore the locus of 
P is a circle with centre at and radius equal to a. 
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113. The product of the perpendiculars from the foci on the 
tangent is equal to V, 

This is proTed, as in the case of tlie ellipse, by means of 
the circle in fore- 
going proposition. 
The perpendiculars 
FP and FT meet 
the tangent on its 
circumference. Pro- 
duce FO to meet 
FF in L ; this point 
must also be on the 
circle, as the angle 
FFF is right. ^ The 
triangles FGL' and 
FGF are manifestly 
equal (Euc, Book I., Prop. 4) ; therefore FL = FF. 
Therefore 

FPxFF ^ FF' xFr =z FA' X FA 

= (c+a) (c— a) = c'— a' = h\ 

114. If a perpendicular he erected at the focus to the radians 
vector of any point, and produced to meet the tangent at thai 
pointy the locus of their intersection will he a straight line. 

Let T be any point on the hyperbola, and TP the tangent 
at it, P being its in- 
tersection with FPy 
the perpendicular at 
F to FT, the radius 
vector of T, On the 
other radius vector 
take M so that TM— 
TF; join PM. The 
triangles PTF and 
PTM are manifestly 
equal in every respect 
(Euc, Book I., Prop. 
4) ; consequently PM = PF, and the angle PMT = PFT, 
and is a right angle. Therefore 
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F'P-FM} (= rP'-FP') = FM^ = (r-O' = 4a«. 

Since the difference of the squares of the distances of the 
point P from F and F' is constant, the locus of it is a 
straight line perpendicular to FF" (Euc, Book II., Prop. 

13, Cor.). 

This straight line is called the directrix ; and there are 
evidently two directrices, corresponding to the two foci. 



116. The ratio of the distances of any point on the hyper- 
holafrom thefocits and directrix is constant (=e). 

Let the same constmction remain ; and draw TL perpen- 
dicular to the direc- 
trix DP, and join MF 
and ML. Because the 
angles TPP, TMF, 
and TLP are right, a 
circle on TPas diame- 
ter will pass through 
F, M, and L ; con- 
sequently the angle 
FFM is equal to the 
angle PLM, But 
FFM = PMF (as 
PM=:PF; therefore 

the angle PLM is equal to the angle PMF, Also, since the 
angles TLP and FMP are right, the angle FMF is equal 
to the angle TLM ; and since TL is parallel to FF, the 
angle FTL is equal to FFM. Therefore the triangles FFM 
and TML are similar. Therefore 

TM : TL=zFr: FM, or r : TL = 2c : 2a. 




Therefore 



r = - TL=eTL. 
a 



116. From the tangent being equally inclined to the 
focal distances, and their differences being constant, a series 
of points on the hyperbola, and tangents at them, can be 
easily found by the following construction: — With one 
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focus as centre, and a radius 
= 2a, describe a circle ; join 
any point L on the circum- 
ference of this circle with 
the other focus, and at the 
middle point (P) of this 
joining line erect a perpen- 
dicular PT, and the point 
T, where the radius F'L pro- 
duced meets it, will be on 
the hyperbola, and the 
straight line PTa tangent 
at that point. For the triangles TPF and TPL are equal ; 
therefore the diflTerence of the distances of T from F and F' 
= F'L = 2a ; and PT is equally inclined to the focal radii, 
and is a tangent. 

Let us take the case where the angle FL'F" is right ; 
then the perpendicular from the middle point of FU will 
be parallel to the radius F'L' produced ; and it will also 
pass through the centre G of the hyperbola, being the" 
middle point of FF^, It is manifestly a tangent to the 
curve, meeting it at an infinite distance ; the point T has, 
as it were, moved off to infinity. 

From this construction it is manifest that 

FF^ = Fr'+rF^, i.e., 46^ = 4aHLP'^ 
therefore L'F'=2h, or rP=zh. 

From this evidently tan FGP = -^ = — . 

It is equally clear that the straight line through the 

centre at an inclination tan"^ will be a tangent at in- 

a 

finity to the other branch of the hyperbola ; and each pro- 
duced below the transverse axis will be a tangent at 
infinity to the opposite branch. These tangents to the 
hyperbola at infinity are called " asymptotes " (from 
davfjLvtirruf, not to fall together), because, while continually 
approaching the curve, they never meet it except at in- 
finity. 
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117. The idea of an asymptote is sometimes not easily 
conceived by a beginner. The following illustration may 
help to make it more clear :-^Sappose a vessel in the form 
of a rectangular parallele- 
piped (-4L(7^), whose sides -^ ^ ^ ^ 
and bottom were prolouged 
indefinitely in one direction 
AF, CK, and that one side 
BMD could be moved along 
always parallel to itself. If it was filled with water, and 
then this side moved to the position EPG, making LM = 
MP, the water would have sunk down to one-half the 
original level, its corner making on the side some such 
trace as indicated by the curved line. If the moveable end 
was brought still farther on, the level of the water must 
become lower, and the curved trace would be continued ; 
but supposing: the water to be a perfect fluid, and having 
no adhesion to the sides of the vessel, it is evident that 
there must always be a layer of water on the bottom of the 
vessel or trough, and the curved trace would be for ever 
approaching though never reaching the straight line GK, 
This line would be an asymptote to the curved trace. It 
will be afterwards seen that the curve so traced would be a 
rectangular hyperbola. 

118. If from any point on a hyperbola a straight line he 
drawn parallel to tJie asymptote to meet the directrix^ it will 
he equal to the focal distance of the point 



For 



TM=TLx sec MTL = TL sec 0, 



where d = tan"^ — , the angle 

which the asymptote makes 
with the axis of « ; therefore 



« rpT ^a' + h' _ 



-TL 



a 



= -^TL 
a 



= eTL = r. 
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From this an instrument for drawing the hyperbola by 
continnous motion has been devised. A ruler, bent at an 

angle equal to fT—tan"^ — J, slides with pne side of the 

angle along a straight line, which is the directrix ; and a 
string equal in length to the other side is fastened to its 
extremity, and stretched along it by a ring or traveller 
carrying a pencil, the other end of the string being fastened 
at the focus. The length of the string being always equal 
to the length of the leg of the ruler, it is manifest that the 
point carrying the pencil will be always equally distant 
from the focus and from the directrix measured along that 
leg of the ruler which is parallel to the asymptote, If the 
angle at which the ruler is bent is right, the curve is a 
parabola. 



EQUATION OF THE HYPERBOLA. 

• 

119. The equation to the hyperbola can be found in the 
same manner as the equation to the ellipse, taking the cor- 
responding property of the curve — viz., that the difference 
of the focal distances of any point on it is constant ; that 
is, r—r-=. 2a. 

Take the straight line joining the foci as axis of x, 'and a 
straight line perpendicular to it at the centre as axis of y ; 
let X, y be the coordinates of any point on the curve, and 
the focal distances of the point r and r ; then 



r = ^i/'-f (a5-i-c)', and /= \/y*-f (aJ— c)'; 



therefore r—r = 2a = y/y^-\-{x+cy— y/y^-\-{x—cy. 

Proceeding as in Article 91, and for <? substituting 
a' + &', we get 

&V- aV = a'&', or ^ — i^ = 1. 

This is the simplest form of the equation to the 
hyperbola. 
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Although the carve doe s not meet the axis of y, yet if 

the length & (= ^/c^^a?) be taken upon it above and 
below the centre, it will be hereafter seen that this, which 
is called the conjugate axis, has important relations with 
the hyperbola. 

By exactly the same process as in the ellipse (Art. 98), 
the equations of the tangent and normal to the hyperbola 
are found to be respectively 

xx' yy' 1 ji / (^y f r\ 

-^-^ = 1, and j,-y' = -^(x-iB). 

120. The focal distances of any point on the hyperbola are 
respectively ex+a and ex — a. 

For i^=ri/»+(aJ+c)', and r''= y'+CaJ-c)*. 

Therefore i^^r** ^ 4icx. 

Therefore (r+r) (r— /) = 4icx, 

Therefore (r+r) 2a = 4caj, or r+r = 2 — a; = 2ex, 

a 

Since the sum of the radii vectores = 2eXy and their dif- 
ference = 2a, they must he ex + a and ex^a. 

If the property proved geometrically in Article 115, be 
takeu as definition, that the hyperbola is the locus of points 
whose distances from a fixed point and &om a fixed straight 
line are in a constant ratio, that ratio being greater than 
unity, — i, e., the point being nearer the straight Hue, the 
directrix, than the fixed point, the focus, — the equation can 
be easily proved. Taking the directrix as axis of y, and 
the straight line perpendicular to it throu gh th e foci as 

axis of a?, and letting the given ratio e = , and then 

a 

transferring the origin to the centre, it will become, as before, 

121. The polar equation to the hyperbola, when the 
centre is origin, and the transverse axis (t. e., the straight 
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line joining the foci) is initial line, is fonnd by snbstitating 
for X and y ; thus, 

,>il>'co^e-cfBin*e)=c?V, or £^<»_«^=^. 

When the focus is origin, we have 

r = eTL = e (BF-^FN) (see Fig., Art. 115, 2W being 

the ordinate) 

= e((7JP-0D+FJV^) = e (ea-— ^rcoed) ; 

therefore r =:a (^—1) H- er cos d, or r = ^^A?_"7 / . 

I— e CO8 



122. Ifphe the length of the perpendicular from the centre 
on the twngenty and a its inclinatuyn to the principal axis^ 

p* =z(f co^ a —J* sin' a. 

From Articles 12 and 119, 

«cosa+wsma =» and -,—^ = 1 

or tr 

mnst both represent the tangent. Therefore, the coefficients 
being proportional, 



cos 



« = ^ and ?1^ = =^. 



p a? p b^ 

Consequently 

g cos g __ ^ ^ h sin a ^ — / 
I? "" a p h ' 

Squaring and subtracting, we have 

g* cos* a __ V sin* o -_ ^ _ v'' — i 
/ / "g* V 

since (a?', y'), the point of contact, is on the hyperbola. 

Therefore g* cos' a — 6* sin* a = ^*. 

n 
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123. To find the locus of intersection of two tangents that 
are at rvjM angles to each other. 

Let if 7\ and 3/T, be two tangents at right angles, and 
let the angle ACPj be a, and the angle ACF^ be a +90°. 




Then (OPO* = a« cos' a - Z>» sin' ir, 

also {GF;)'^ = a« sin' a-6' cos' a, 

adding, {CP;f'+(fiP;f= a»-6' = (AP,)'. 

But as CPyMF^ is a rectangle, C M = P iP^. Consequently 

if is at a distance from (7 = v/a'— 6', and its loc ns is a 

circle with its centre at G and its radins = >/?— fc'. 

From this it will be seen that, if a^5, the circle becomes 
a point, and in that case bat one pair of tangents at right 
angles can be drawn to the hyperbola. 

If a < 2), then the locus is imaginary, and the hyperbola 
can have no pair of tangents at right angles. 



CONJUGATE DIAMETERS; CONJUGATE HYPERBOLA; 

ASYMPTOTES. 

124. Most of the properties of the conjugate diameters 
of the hypeibola can be deduced as in the case of the 
ellipse. Articles 99 to 101 are directly applicable to 
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the hyperbola ; remembering that V has a negative sign, 
and taking a different figure. 

Consequently, if (z, /) be a point on a hyperbola, afy=:f/x 
18 the diameter through it, and 

is the conjugate diameter, and conjugate diameters bisect 
the chords parallel to each other. Also, if 6 be the angle 
made by a diameter with the axis of x, and Q^ the angle 
made by the conjugate diameter with the axis of x, 

tan d X tan ff= -r- 

or 

It will be a useful exercise to work out the equations of 
the chords parallel to the diameters so as to find the co- 
ordinates of the middle points, as done in the case of the 
ellipse, and to notice what changes must be made in conse- 
quence of the negative sign of the coefficient of y. 

125. Every diameter (i.e., straight line passing through the 
centre) does not necessarily meet the hyperbola. 

This is obvious from the figure, as it is not a closed 
curve ; but may be proved analytically. 

Let y =z mx : putting in this value of y in the equation to 
the hyperbola, we get 

from this x = — -=== . Consequently, if m' be less 

than — o- , we have possible values of a? ; but if it be greater, 
a 

we have impossible values. Therefore, when m is greater 
than — , or when the inclination of the straight line to the 



108 THE HTPEBBOUL 

axis of X is greater than tan*^ — , the straight line does not 
meet the curve. 

When m = — the Talae of x becomes infinite ; so that 
a 

the two straight lines that can be drawn at the inclination 

taa"^ — to the axis of a; meet the curve only at an infinite 

a 

distance. 

126. We will now proceed to investigate the conjugate 
hyperbola. If the signs of the equation to the original 

hyperbola —5 — y^" — -^ ^ changed on one side only, so as 

to become -^ — -~ = 1, we get the equation to a hyperbola 

which manifestly bears the same relation to the axis of y 
that the original hyperbola has to the axis of x. This new 
hyperbola is called the conjugate hyperbola to the former ; 
its foci are situated on the axis of t/ at a distance t he sam e 

as in the original hyperbola, for in each case c = y/a^-\'h^ ; 
but the distance between its vertices is 2b, and the 
difference of the focal radii of any point on it is mani- 
firstly 26. 

127. The diameter conjugate to that drawn from any jpoint 
on, the hyperbola meets the conjugate hyperbola. 

Let («', y') be a point on the original hyperbola ; the equa- 
tion of the diameter conjugate to that passing through the 

XX vu 
point is — J — "^ = 0. Combining this with the equation 

Q> 

to the conjugate hyperbola a^y^^Vx* = a^b\ we find the 

value of flj to be ± -^, and of y ± — . 

"a 

If the length of a semi-diameter from any point on the 
original hyperbola be called a', the length of the con- 
jugate semi-diameter meeting the conjugate hyperbola is 
called b\ 
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128. The difference of the sqtiares of two conjugate semi- 
diameters is constant 

For a'» = »'»+y'« and h'^ = ^+^, 

cr a 

therefore 

"" ^>« ' "*" a« "" Z>» 6« ~ 

129. In precisely the same manner as nsed in the ellipse 
(Arts. 106 and 107) it can be proved that the perpendicular 

from the centre on the tangent p = -,, ; and from this that the 

sine of the angle between a pair of conjugate diameters is 

-77* Also that the triangle formed bj a pair of conjugate 

semi-diameters and the straight line joining their ex- 
tremities is of constant area, and equal to \ab ; and the 
area of the parallelogram formed by the tangents at the 
extremities of a pair of conjugate diameters (i.e., the tan- 
gents to the hyperbola and the conjugate hyperbola) is 
equal to A/ih, 



ASYMPTOTES. 

130. We have now to consider the case of the straight 
lines drawn through the centre at an inclination to the 

axis of X whose tangent is =b — . In Art. 116, it was shown 

that these straight lines would never meet the curve except 
when the value of x was infinite, that is, at an infinite dis- 
tance &om the centre. 

It can further be shewn that the curve is continually 
approaching these straight lines, although never meeting 
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them. Let Q be a point on the straight line y = — x, and 




P the point where the ordinate of Q meets the hyperbola 

Ziet QPHhe that ordinate; then 

G3f=- and PM=-iii?-tfy. 
a a 

Therefore QP = QM-Plf = — «-(«^-<^)* . 

a a 

Multiplying numerator and denominator of this fraction 

h fl* 

by »+(«'— «*)S it becomes --n 5TI- Therefore 

^ ^ ' a «+(«'—«'')* 

From this it is evident that, as the 



ab 



point Q is taken farther along the straight line OQ, and 
its abscissa becomes greater, that the valne of QP diminishes ; 
in other words, that P continually approaches Q ; but QP 
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Ill 



does not yanisli unless x is infinite, then only does the cnrve 
meet its asymptote. 

The equation to one asymptote is y = — », and to the 

b ^ 

other y = oj ; both asymptotes are included in the 



a 
-2 -.« 



equation -y — -^ =0. It is evident that the hyperbola 

and its conjugate have the same asymptotes. For, let QM 
(see figure) be produced to meet the conjugate hyperbola 
in P', then 

which diminishes indefinitely as a? is increased. 



3L 



131. The equation to the hyperbola takes a very im- 
portant form when transformed to the asymptotes as 
axes. 

Let P be any point 
on the curve whose co- 
ordinates are FM and 
CM referred to the 
original axes, and FM 
and CM' referred to 
the new. Draw M'N 
perpendicular to OM; 
then we have 

CM=CN+NM 

= CM cos MGN 
+FM COS M'CN 

= (GM-h FM) cos MCN. 

Again, FM = FL sin FLM = (FM - ML) sin CLM 

= (FM- CM) sin MGN, 

since PM is parallel to OY. 
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h 

But t|iD M CN = — , therefore 

a 

h 

also CM BJ\d MP are x njid y referred to original axes, and 
CM" and PM' are x and y referred to the new axes. Con- 
sequently for X we nmst substitute (a?-f y) . , and 

for y we must substitute (y— «) -7====7i» *o transform the 

var-^-b 

equation to the new axes. Making these substitutions in 

a* b* ~ ' 
behave (l^-^^ = 1, 

or 4afy = a' -ft' or a^ = Ja'-f J*. 

The hyperbola may therefore be defined as the locus of 
a point such that the product of the straight lines drawn 
from it parallel to two given intersecting straight lines is 
constant. It is manifest that these intersecting straight 
lines are asymptotes, because since the product is constcmt^ 
if the straight line from the point to one of them is nothing, 
the straight line to the other must be infinite. 

132. ary =— J (a* +5*) is manifestly the equation to the 
conjugate hyperbola referred to the asymptotes. 

133. To find the eq^iatwn to iJie tangent to the hyperbola 
when referred to the asymptotes as axes. 

The .equation to the straight line joining any two points 

on the curve is y^y=z ^„~~ ^ («—«') ; 

a? — as 



THE HTFERBOLA. 118 

putting the condition that both are on the cnrve, viz., that 
a!y=: ar'y", since each is equal to J (a*-|-^'), we have 



X 



therefore the equation to the secant may be written 



/ r 






or y~y.= ^/. ^. V («-«)» 

X \X — X) 

or, changing sign of denominator and cancelling, 

// 

X 

when the points coincide and the secant becomes a tangent, 

a; 
which gives x'y-\-yx = 2ajy = \ (a' +5'). 

From this it is manifest that the intercept on the tan- 
gent between the asymptotes is bisected at the point of 
contact. For in the equation xy + yx = 2x'y\ if y = 0, 
aj= 2aj' ; and if ar = 0, y = 2y\ 

From this it follows that the area of the triangle made 
by the tangent and asymptotes, being twice the parallelo- 
gram formed by the coordinates of the point of contact, 
is constant and equal to \ (a^+b^). 

Hence the hyperbola might be defined as the envelope 
of a straight line which cuts off triangles of constant area 
with two intersecting straight lines. Or it may be thus 
expressed : Given vertical angle and area of a triangle, the 
base must touch a hyperbola of which the sides of the 
vertical angle are asymptotes. Or again, since the point 
of contact is the middle point of the intercept or tangent : 
G-iven vertical angle and area of a triangle^ the locus of 
the middle point of base is a hyperbola. 
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EQUILATERAL OR RECTANGULAR HYPERBOLA. 

134. If, in the equation to the hyperbola, a is made eqnal 
to &, we have -s — -^ =1, or «*— v' = a*. This is called 

the equilateral hyperbola from the equality of the axes ; 
and it is manifestly identical except in position with its 
conjugate hyperbola. 

Further, the asymptotes are manifestly at right angles, 
from which it is called the rectangular hyperbola (see 
Art. 117) ; and its equation referred to the asymptotes is 

In the ellipse, if a = &, the equation becomes a circle ; 
thus the equilateral hyperbola bears the same relation to 
the general equation to the hyperbola that a circle does to 
the ellipse. 

Referring to Art. 128, it will be seen that, when the locus 
of points from which tangents at right angles can be drawn 
becomes imaginary, i. e. when a < &, then the hyperbola can 
have no tangents .at right angles, but the conjugate hyper- 
bola can ; and, vice versa, when the locus becomes a point, 
i.e. when a=6, then the hyperbola can have one and only 
one pair of tangents at right angles, i. e, the asymptotes, 
and is a rectangular hyperbola. 



Geometrical Exercises on the Htperbola. 

1. If an ellipse and hyperbola have the same foci, the 
tangents at their intersections are at right angles. 

2. Shew that the locus of the centres of circles whicli 
touch two given circles is an ellipse and a hyperbola* 

3. The chord of contact of any point on the directrix 
passes through the focus. 

4. A circle on the distance between the foci as diameter 
passes through the intersection of the tangents at the ver- 
tices and the asymptotes ; and the auxiliary circle passes 
through the intersection of the diameters and asymptotes. 
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5. K from any point a pair of tan^jfents be drawn to the 
same branch of a hyperbola, the angles subtended by them 
at the focus are equal, if to the different branches the 
angles subtended at the foci are supplemental. 

6. If a circle be inscribed in the triangle formed by the 
focal radii of any point and the straight line joining the 
foci, the locus of its centre is the tangent at the vertex. 

7. Given an arc of a conic section, shew how to find 
whether it is a parabola, an ellipse, or a hyperbola. 

8. A rifie bnllet hits a target ; find the locus of places at 
which the sound of the discharge and of the shot are heai*d 
together. 



Exercises on the Equation to the Hyperbola. 

N.B. — Most of the geometrical exercises can also be 
done analytically ; also the properties and exercises given 
for the ellipse are generally applicable to the hyperbola. 

1. Given the transverse axis of a hyperbola, and that it 
bisects the distances between the centre and the foci, find 
its equation. 

[Ans. 3aj*~y' = 3a' (2a being the transverse axis). 

2. If the ordinate of any point on a hyperbola be pro* 
duced till it is equal to the focal distance of the point, 
find the locus of its extremity. 

3. The extremities of any chord of an ellipse parallel to 
the minor axis are joined with the extremities of the major 
axis ; shew that the locus of the intersections of the join- 
ing lines will be a hyperbola. 

4. If the extremities of parallel chords in a circle be 
joined with the extremities of any diameter,. prove that the 
joining axis will intersect on a rectangular hyperbola. 

5. The radius of the circle that touches a hyperbola and 
its asymptotes is equal to the intercept on the latus rectum 
produced between the curve and its asymptote. 
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CHAPTER XI. 

RELATIONS OF THE CONIC SECTIONS TO THE CONE. 

135. Thg curves treated of in the foregoiog pages are 
oaUed the Conic Sections, hecanse they can he formed hj a 
plane snitahlj cutting a cone. This may he easily exem- 
plified by a sheet of paper and a cone of ligfht or of shadow. 
It is a remarkable coincidence that a point, a straight line, 
two straight lines, a circle, a parabola, an ellipse, a hyper- 
bola, some one of which must be represented by the general 
equation of the second degree, can also be obtained from a 
plane cutting a cone. 

We will now proceed to the proof of this, deducing the 
fundamental properties of the conic sections from the figure 
of the cone ; and showing what relation the focus and direc- 
trix of a parabola, ellipse, and hyperbola have to the cone 
from which they are cut. 

A cone may be conceived as generated by the revolution 
of a straight line round a fixed intersecting straight line. 
The fixed straight line is called the ctxis of the cone, and 
the inclination of the straight lines is called the generating 
anghy and the point where they intersect the vertex of the 
cone. 

The section made by a plane at right angles to the axis 
is manifestly a circle, the axis passing through the centre ; 
and every point on the drcumferenoe is equally distant 
from the vertex of the cone. Also the intercepts between 
two circular sections of a cone on the straight lines drawn 
on its surface through the vertex, or on difierent positions 
of the generating straight line, are equal. Also it is easily 
conceived that a sphere can be inscribed in a cone (as a 
bnUet or marble dropped into the extinguisher of a candle), 
and that it will touch the cone in a circle. 
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136. The following propositionB may now be enunciated : 

The fiicus of a conic tection i» the point in tehick the in- 
scribed sphere totiches the cutting jilane. 

The directrix of a conic section ie the straight litie jbrmed 
hy the iiit-rsection of the plane of the circle in which the in- 
scrihed sphere touches the cone, with the cutOtig plane. 

187, We will proceed to prove these firat in the case of 

the parabok. 

If the plane cutting a cone is parallel to a poBition of the 
generating line, or, in other words, if the angle at which 
Qie cutting plane is inclined to the axis of the cone is equal 
to the generating angle of the cone, then the section will 
extend to infinities, as the plane will manifestly not inter- . 
sect the cone. 

The section will be a parabola. 

Let be the centre of the sphere inscribed in the cone, 
tonching the catting plane in F. (In the figure, the cutting 
plane ia supposed to be perpendicular to the plane of the 
paper.) 

Tbo straight line FD formed by the intersection of the 
cutting plane and plane of the 
paper will be perpendicular to DL, ^ 

the straight line formed by the in- 
tersection of the cutting plane with 
the plane of the circle in which 
the inscribed sphere touches the 
cone- Take any point T on the 
parabola, and draw 2'L perpendi- 
cular to DL; and join TF and TV 
with the vertex of the cone meet- 
ing the circle MKN in K; and let 
WTW be the circular section of the 
cone through T, whose plane is at 
right angles to the axis of the 

TF is equal to TK, becanse they / 
are tangents to the sphere from ' 
the same point. Also, since 7(7 
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and LD are parallel, being sections of two parallel planea 
by the cutting plane, and TG and O'B are parallel, being 
both perpendicular to DL, TL is equal to O'D ; also TK is 
equal to TOf, both being the distance between two circles 
on the cone. Consequently TF is to TL as WM is to ffD ; 
that is, as AM to AD ; that is, as the sine of the angle 
AM D to the sine of the angle ADM. But these angles are 
equal, one being the complement of the generating angle 
of the cone, and the other the complement of the angle at 
which the cutting plane is inclined to the axis of the cone. 
Therefore the distances of any point on the parabola from 
F, and the straight line DL, are equal. 

188. In the ellipse, the cutting plane and cone can mani- 
festly be touched by two spheres, one between the cutting 
plane and the vertex of the cone, and the other touching 
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the cutting plane on the lower side. Let the points of con- 
tact be F and F^ ; then, taking any point T on the ellipse, 
and joining TF and TF\ and drawing T8' through T and 
the vertex of the cone, we have TF=T8 and TF'= TS' 
as tangents each to a sphere from the same point ; conse- 
quently TJP-f TF' = So ; but this is the distance between 
the two circles on the cone in which the inscribed spheres 
touch it, and is therefore constant. This proves the pro- 
perty r-f /= 2a, 

The property of the directrix can be proved as for the 
parabola. Let the plane of the circle MSN be produced to 
meet the cutting plane in DL, and let WTW be a circular 
section of the cone through T. Then TF= TS, being tan- 
gents to the same sphere; and TS=MW, being the dis- 
tance between two circles on the cone. Also TL^^O'D 
(TLDC/ being a rectangle). Consequently TF is to TL as 
WM is to OD; that is, as AM to AD ; that is, as the sine 
of the angle ADM to the sine of the angle AMD. But this 
is a constant ratio, one being the complement of the gene- 
rating angle of the cone, the other the complement of the 
angle at which the cutting plane is inclined to the axis of 
the cone. 

The excentricity of the ellipse is equal to =r = , 

where a is the generating angle of the cone, and the angle 
at which the cutting plane is inclined to the axis of the 
cone. From this it follows that an ellipse of any excen- 
tricity can be cut from any cone ; for, whatever the value 
of cos a, d can be found so that cos is any submultiple of 

it, and therefore can represent any fraction. 

139. The elementary properties of the hyperbola can be 
proved from the cone as in the ellipse. In this the cutting 
plane will meet the cone above the vertex, and so form the 
two branches of the curve ; and the inscribed spheres will 
touch the cutting plane one above and the other below the 
vertex, as in the figure. Let F and F^he the points of con- 
tact ; then, taking any point T on the hyperbola, and join- 
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mg TF and TV, and drawing TV throagh T and the 
vertex of the cone and producing it on the cone above the 




vertex, we have TF=T8 and TF'= TS as pairs of tan- 
gents each to a sphere from the same point. Consequently 
TF—TF'=> 88"; but this is the distance between the two 
circles on the cone in which the inscribed spheres tonch, 
and is therefore the same, whatever be the position of T. 
This proves the property r-^r = 2a. 

If the plane of the circle M8N be produced to meet the 
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cutting plane, the straight line J)L formed by their inter- 
section will be the directrix of the hyperbola. Let WTW 
be a circular section of the cone through T ; then TF=: TS^ 
being tangents to the same sphere, and TS=WM, being 
the distance between two circles on the cone. Also TL = 
(XD (since TLDC/ is a rectangle) ; consequently TF is to 
TL as WM is to (JD; that is, as -43/ to AD ; that is, as 
the sine of the angle ADM is to the sine of the angle AMD. 
This is a constant ratio, being that of the cosine of the 
angle at which the plane is inclined to the axis of the cone 
to the cosine of the generating angle of the cone. 

From this it follows that a hyperbola of any excentncity 
cannot be cut from any cone ; the excentricity being equal 

to — ^- — and greater than unity : as no cosine can be greater 

than one, when cos a is given it is not possible to make 
cos any multiple of it. 

140. If the plane which cuts the cone so as to form a 
parabola be supposed to move through the cone parallel to 
itself, it will form a series of parabolas of less and less 
parameter* as it approaches the vertex ; and when it passes 
through the vertex it will touch the cone along a generating 
line. The parabola will have shrunk into a straight line, 
or rather two coincident straight lines. 

141. If the plane which cuts the cone so as to form an ellipse 
have its inclination altered so as to be at right angles to 
the axis, the ellipse will become a circle. If the plane be 
moved so as to pass through the vertex, the ellipse will 
become a point. 

142. If the plane which cuts the cone so as to form a hyper- 
bola be moved parallel to itself, it will form a series of 
hyperbolas, which, when the plane passes through the 
vertex, will become two intersecting straight lines. It will 
easily be seen that these represent the asymptotes to the 
series of hyperbolas. 

* In the equation y^ = iax, a is called the parameter, and is equal 
to half the distance from the focus to the directrix. From Fig. to Art. 
137 it is easily seen to bo equal to r sin a, where r is the radius of 
inscribed sphere, and a is generating angle of the cone. 

I 
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CHAPTER XII. 

r 

FIRST PRINCIPLES OF ANALYTICAL GEOMETRY OF 

THREE DIMENSIONS. 

143. It is easy to see that the method applied to denot- 
ing the position of a point in a plane may be extended to 
the position of a point in space. Let ns suppose three 
straight lines in space meeting in a point which we will 
call the origin (the corner of a room is an illustration), and 
the three straight lines are termed the axes of aj, y, and z 
respectively. The three planes which pass through each 
pair of these axes (like the floor and sides of a room) are 
called the coordinate planes; that which passes through the 
axes of X and y being called the plane of xy^ that which 
passes through the axes of x and z being called the plane of 
xzy and the third being the plane of yz^ passing through 
the axes of y and z. Now, if from any point in space a 
straight line be drawn parallel to the axis of z to meet the 
plane of xy^ that line is called the z of the point ; also the 
position of the point in which this line parallel to the axis of 
z meets the plane of xy can be denoted by the values of its 
distances from the axes of x and y in that plane (Art. 2). 
These three lines, or rather lengths, are called the Xy the 
y, and the z of the point. The first two, the x and y, being 
given, enable us to find the point in the plane of a^ in 
which the straight line parallel to the axis of z meets it ; 
proceeding from this point in the dii'ection of z the given 
length for «, we arrive at the point whose coordinates are 
given. 




-z 
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The three axes, or rather the three coordinate planes 
through them, divide space around 
the origin into eight regions. When 
the axes are rectangular they are 
called octants, and may be easily 
understood by supposing the origin 

to be at the centre of a sphere ; ~^ ^ -^^ 

the axes will then be three dia- 
meters at right angles, and the co- 
ordinate planes through them will 
divide the surfnce of the sphere 
into eight equal quadrantal spheri- 
cal triangles (i. e., triangles each of whose sides is a quad- 
rant of a circle) : supposing these axes and the coordinate 
planes prolonged indefinitely, they will divide space into 
eight octants. 

The convention for the signs of coordinates is exactly the 
same as in plane coordinate geometry. 

Starting with one octant, the coordinates of any point 
in which are taken as positive, when in any of the other 
octants a coordinate is measured along the axes in the 
same direction as in the first octant its sign is positive, 
but when in an opposite direction it is negative ; and the 
eight permutations of positive and neo^ative signs to the 
three coordinates correspond to the eight octants. 

Or we may consider it in this way : — Let the axis of z 
be vertical ; then, when z has a positive value, the position 
of a point above the plane of xy can be denoted in any of 
the four quadrants in the plane of xy by the positive and 
negative signs of x and ^, as in Art. 3 ; and the positive 
value of z gives four corresponding points above that plane. 
Let the value of z be negative, and we have four corre- 
sponding points under the plane of xy. Thus, by giving 
the proper signs to aj, y, and «, the position of a point can 
be denoted in any of the eight octants around the origin. 

144. We can now proceed to the interpretation of an 
equation in «, y, and z. Let f(xyz) = be an equation 
involving some function of x, y, and z. This may be written 
s! = ^ {xy)y where <j> (xy) is some other function of x and y. 
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From this it is plain that any pair of values of x and y 
give a corresponding value of z. That is, for any point in 
the plane of xy we get a corresponding point above or 
below it in the direction of the axis of z. Also any change 
in one of the variables involves some corresponding change 
in the other two. Giving every possible value to x and y, 
we get a series of values of z ; that is, for every point in 
the plane of xy we get some corresponding point in the 
direction of z. This assemblage of points constitutes a 
surface. Consequently f(xyz) = represents a surface, 
as f{xy) represents a line in the plane of xy. It is pos- 
sible that the equation z= <;> (a?/) may give several values 
of z for any pair of values of x and y. In that case the 
equation f(xyz) may represent a surface of several sheets^ 
as f(xy) may in plane coordinate geometry represent a 
locus consisting of several lines. 

The equation (a; — a )^ + (y — &)^ -f (2 — c)^ = manifestly 
represents a point ; for it can only be satisfied by 8?= a, 
y=hf and 2=c. 

Again, f(xy) = represents a locus or curve in the 
plane of xy ; but, referred to three axes, it represents what 
is called a cylindrical surface ; that is, a surface made by 
straight lines parallel to the axis of z drawn through every 
point in the curve or locus representing / (xy) = 0. For 
example, \f f(xy) = represents a circle on the plane of xy^ 
it represents, when referred to three axes, a cylinder parallel 
to the axis of z cutting the plane of xy in that circle. If 
f(a'y) = represents an ellipse on the plane of xy, it repre- 
sents an elliptical cylinder or tube similarly situated. If 
f {xy) = is the equation to a hyperbola, then it repre- 
sents a surface parallel to the axis of 2, such that the sec- 
tion of it by any plane parallel to the coordinate plane of 
xy will be the hyperbola represented by the equation 

/W) = 0. 

a? = a constant, manifestly represents a plane parallel to 
the plane of yz. Because, for any point in that plane the 
distance from the plane of yz (i.e., the x of the point) is the 
s«me. Consequently f(x) = represents a plane or a 
series of planes parallel to the plane of yz, according as the 
equation has one or more roots. 
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PROJECTION. 

145. When from the extremities of one straight line two 
parallel lines are drawn to meet another straight line, the 
first straight line is said to be projected on the second ; and 
the intercept made by the two parallel straight lines on the 
second straight line is called the projection of the first 
straight line. 

When the two parallel straight lines are at right angles 
to the second straight line, it is called orthogonal projection. 
In that case the length of the projection is equal to the 
length of the original line multiplied by the cosine of the 
angle between the twb straight lines. This is evident if 
the straight lines are in the same plane. If not, then from 
A, the extremity of the first line 
AB, draw AB" parallel to the second 
straight line GD. Then, letting 
fall BB' perpendicular to AB', we 
have AB = AB cos BAR, and the 
angle BAB' is the inclination of 
the straight lines AB and CD. 
Let a plane be drawn through 
BR perpendicular to GD, and another parallel plane 
through A ; the intercept on GD will be the projection of 
AB upon it. This intercept is manifestly equal to AR, 
that is, equal to AB cos 0, where 6 is the inclination of the 
given straight lines. 

In projection, the length of a given straight line AB is 
projected on another straight line CD whose direction is 
given. 

N.B. — Only rectangular coordinates and orthogonal pro- 
jection will be used in the following pages. 

If r be the distance of any point from the origin, and 
X, y, and z its coordinates, then x, y, and z are the projec- 
tions of r on their respective axes. Thus, if a, /3, and y are 
the angles that the straight line r makes with the axes of 
aj, y, and z respectively, then 

r cos a = Xf r cos /3 = y, and r cos y = ». 
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14t). To find the distance between two points whose coordi- 
nates are given. 

Let ^ be a point whose coordinates are ajj, y^ z^ ; and let 
B be another point 
whose coordinates are 

^2» 2/2> ^8 ; draw these 
coordinates, and com- 
plete the parallele- 
piped AGDEFGHB, 
of which they form 
the edges, and of 
which AB will be the 
diagonal. Then 

AB^=AD^-j-BI^ 

= AG^-^GD^-{-BD\ 

Bat ^(7 is manifestly y^—yiy and CD is aj, — x^, and BD is 
Zi — Zi. Conseqnently the distance between the points A 
and B is equal to 

If one of the points is the origin, then its coordinates are 
nothing. Thns, if r be the distance from the origin of a 
point whose coordinates are x^, 2/1 » ^n 

^ 2,2,2 
r = Xi-\'yy-\- zi, 

147. Relation between the cosines^of the angles made by a 
straight line with the ajxes. 

If the straight line does not pass through the origin, 
draw a straight line parallel to it through the origin which 
will make the same angles with the axes. Take any point 
on the second straight line, and let its length from the origin 
be r, and its coordinates aj, y, and z. By the foregoing 
article r* = a5*-|-y* + iz* ; and by* the article before that 
«*+^''-|-«* = ^"^ cos^a+7^ cos^iS+r* cos^ y, where a, /3, and y 
are the angles made by the straight line with the axes. 

Therefore 7^ =i 7^ (cos* a + cos^ /3 + cos^ y) ; 

therefore cos' a + cos' /3 + cos' y = 1. 

This is a very important and useful property. 



ANALYTICAL GEOMETRY OP THREE DIMENSIONS. 127 

The angles made by a straight line with the axes are the 
complements of the angles made with the coordinate planes ; 
the axes being at right angles to the coordinate planes. For 
example, a is the angle the straight line miakes with the 
axes of X, or the complement of the angle it makes with the 
plane of yz, 

148. To find, the angle hetween two straight lines in terms 
of tlie angles the straight lines make with the axes. 

Through the origin draw two straight lines parallel to 
the given ones ; and the angle between them will be equal 
to the required angle. Take any point on one of the 
straight lines through the origin, and let its coordinates be 
jCi, ^1, a?!, and its distance from the origin r^ : take any point 
on the other straight line through the origin, and let its co- 
ordinates be ajj, i/„ iSg, and its distance from the origin r, : 
let the straight line joining these two points be called h ; and 
the angle between the straight lines be Q, Then, obvi- 
ously, ^ Tsz rY-\- r\ — 2r^r^ cos 0, 

and ^ = (aJa-aJi)^ (2/2-2/1)''+ (^'a— «i)^- 

Therefore rj + ra — ^r^r^ cos Q 

= a;J + 2/1 + ^? + ^a + 2/2 + ^2 - 2 (a5ia5a-|-2/iy, + 2i22)- 
But rj = ajj -I- y! + 2i , and r\ = aj* -f 2/2 + ^2 ; 
therefore r{r^ cos Q = x^x^ + 2/12/2 + ^\^r 

Substituting for x^, y^, z^ and x^, 2/2, z^ their values in terms 
of ri and r, and ai, /3i, y^ Og, /jg, y^ (these being the angles 
the straight lines make with the axes), we have 

r^Tj cos 6 = r^r^ (cos a^ cos Oj + cos /3i cos fi^ -\- cos yj cos 73) , 
or cos 6 = cos a^ cos Oj -h cos /3i cos fi^ + cos y^ cos yj. 

149. We may now proceed to examine how a straight 
line i» represented with coordinates of three dimensions. 
Let a, ft, c be the known coordinates of a point through 
which the line passes, and let aj, y, z be the coordinates of 
any point on the line, and let the distance between the two 
points be r. The projection of that length r on the axis of 
X is r cosa, and on the axis of y is r cos i3, and on the 
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axis of z is r cos y (a, ft, and y being the angles the straight 
line makes with the axes). But «-— a is also the projection 
of r on the axis of a;, as it is the intercept on the axis of x 
by two planes perpendicular to and passing through the 
extremities of r, which are the points (a, &, c) and (a?, y, z). 
Therefore r cos a = x—a; similarly r cos /3 = y — h, and 
r cos y = z—c. From these we get 

x — a y — h z—c 

cos a cos/3 cosy 

Since the "point (x, y, z) is indefinite, the length r is in- 
definite, and the relation becomes 

x—a y — l) __ z — c 

L " ~M~ ~ IT' 

where L, M, and N are proportional to the cosines of the 
angles the straight line makes with the axes, and a, b, c 
are the coordinates of a point through which it passes. 
These three equations are in reality only two, for cos a, 
cos ft, and cos y are connected by the property proved in 
the previous article, that the sum of their squares is equal 
to 1 ; and therefore the L, M, and N are connected by 
this property that L^+M^-j-N^ = a constant. If any two 
of these are given the third is determined. 

N.B. — Cos a, cos ft, and cos y are called the direction 
cosines of the straight line which makes the angles a, /3, 
and y with the axes. 

The three equations 

x—a y—h z — c 

~~L ""M "n" 

can be reduced to two, viz. x = Az-^p ; 

T r 

where A — -—-, and p = a — r^c: 

N N 

and y ^Bz-^-q-, 

where 5 = —-, and g = 6 — — -c. 

N N 

It will be shown afterwards that a simple equation re- 
presents a plane when referred to axes in three dimensions ; 
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and the straight line represented by these two equations is 
the intersection of the planes they each represent. The 
first equation represents a plane parallel to the axis of y, 
the second a plane parallel to the axis of x. 

As, in plane coordinate geometry, a point can only be 
represented as the intersection of two straight lines, that is, 
by two equations ; so, in coordinate geometry of three 
dimensions, a straight line must be represented as the inter- 
section of two planes. 

The equations to a straight line passing through the 

origin are — = -^ = - ; for a, 6, c are each equal to 

nothing ; the origin being a point through which the 
straight line passes. 

If the 8ti*aight line is parallel to the plane of yz it is at 

right angles to the axis of », therefore a = -— , and cos a = : 
from this — — = r, we have aj— a = 0. Therefore the 
equations to a straight line parallel to the plane of yz are 
aj = a, ^— _- = -— - ; M and N being as before proportional 

to the cosines of the angles made by the straight line with 
the axes of y and z. 

Similarly, if the straight line is parallel to the axis of z, 
the equations become x = a, y =z b : for the expression 

—z-zr- = ^-j— becomes indeterminate, and very obviously 

aj=a represents a plane parallel to the plane of yz, and y ==6 
a plane parallel to the plane of xz, and the straight line 
represented by the two equations is that formed by the 
intersection of the two planes. 

150. To find the equations of a straight line passing through 
two points. 

Let a^i, y^, z^ be the coordinates of one point, and a;,, i/s, z^ 
the coordinates of the other. Then, since the straight line 
passes through the first pointy its equations must be of the 

form — -^ = y~/^ = ^^^ ; L, M. and N being indeter- 
L M N 
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minate. Again, since the straight line passes through the 
second point, its equations must be satisfied by the coor- 
dinates of it ; therefore ^^~^^ = ^^71^^ = ^'7!.^^ 

L M N 

Dividing these equations (which are all equal to the 
same indeterminate), we have 

These are the equations to the straight line passing through 
the given points, and they are manifestly satisfied by the 
coordinates of either of them. 

161. To find the values of the direction cosines in terms of 
L, M, and N. 

L = h cos a; M =^h cos 13; N = k cos y. 

Therefore 

L''+Jf'-|-J^ = A^(cos2a-fcos*/3-|-cosV) = ^. 
Since cos* a -|- cos* /5 -f cos* y = 1 , 

therefore L = v^i* + 1/ * -t- ^* cos n , 

L 
or cos a = 



Similarly cos /3 = 

and cos y = 



y(i* + M*+JV*)' 

M 
^(L' + M^+Ny 

N 



162. To find the condition that two straight lilies should be 
parallel or perpendicular. 

Let the equations of the straight lines be 

x—a __ y — h _ z—c , x — a __ y — h' __z^c 
L " M '^ N ' L' " 'W ~ ~N^' 

If the lines are parallel the direction cosines are the same ; 
consequently L, M^ and N must be proportional to L\ M\ 

and 2J-'; or ^ = ^ = ^. 
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If be the angle between the two straight lines, we 
have cos = (cos a cos a + cos fi cos /3' + cos y cos y') , 

LL'+MM'-^NN' 



or 



cos 6 = 



If the straight lines are perpendicnlar, cos 6=0; there- 
fore LL'+MW-^NN'=0. 

This is the condition that the two straight lines should be 
at right angles. 



EQUATION TO A PLANE. 

153. The equation can be easily found in terms of the 
length of the perpendicular from the origin on the plane, 
which is termed the normal of the plane, and the angles 
which this perpendicular makes with the axes. 

Let these angles be called 
a, j3, and y ; and the length 
of the normal p. In the figure 
let P be the foot of the per- 
pendicular OP from the origin 
on the plane ; then the co- 
ordinates of P will be (Art. 
145) X =p cos a, y =p cos /3, 
z = p cos y. Let the coordi- 
nates of any other point B in 
the plane be x, ^, z; then the 
length of i2P, the line joining these two points, is (Art. 139) 

(x—p cos a)'-f (y—p cos /3)*+ (2 —p cos y)'. 

But OE' = aj'+2/'+2'; and also OB* = OI^-\'BI^, since 
OP is perpendicular to every straight line in the plane. 

Consequently, as Oii? = OF + BP", 
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we have 

aj'-|-y'+2' =p' + (»--i> cos a)' 

+ (y — P cos /5)'-|- (2— p cos y)', 

ora^-fy'+z' =2)'+a5'+^ + 2'— 2p(ajcosa+ycos/5-h2Cosy) 

-f p* (cos' a + cos' /3 + cos' y) . 

But this coefficient of p' is equal to unity, therefore the 
equation becomes 

2p {x cos a-\-y cos i3 -f z cos y) = 2p', 

or ajcosa+y cos/3 + 2COsy =j?. 

This is the simplest form of the equation to the plane. In 
general Ax-\-By-j-Cz = D represents a plane, A, By and G 
being proportional to the cosines of the angles the normal 
makes with the axes, and D to the length of the normal. 

The equations to the normal obviously are (Art. 149) 



X 



-_2_- « or— --^-- 



COS a COS f3 cos y A B G 

where A, jB, and G are proportional to cos a, cos /3, and 
cos y. 

The angle between two planes is the same as the angle 
between their normals, consequently (Art. 152) the con- 
dition that two planes 

Ax+By + Gz = D and A'x-j-B'y + Cz = 11^ 

should be perpendicular, is 

AA'+BB'+GG'=0. 

The condition that two planes should be parallel is evi- 
dently that their equations should differ only in the in- 
determinate coefficient, as they have the same normal, but 
of different length. 

The angles which a plane makes with the coordinate 
planes are the same as the angles which the normal makes 
with the axes. 

For example, the normal is perpendicular to the plane, 
and the axis of x is perpendicular to the coordinate plane 
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of yz. Therefore the an^le the plane makes with the co- 
ordinate plane of yz is the angle the normal makes with 
the axis of x. 

154. Equation of a plane in terms of the intercepts it makes 
on the axes. 

This is a very nseful form of the equation to a plane, 
analogond to that of a straight line in Art. 12 ; and can be 
found thus. 

The intercept made by the plane on the axis of a; is 
obtained by making y^=^b and 2=0 ; from which we have 

Ax=zD ; or the intercept on the axis of a? is — . Similarly 

the intercept on the axis of y ia ; and on the axis of z 

is — r- . Let these intercepts be respectively a, 6, and c. 
Dividing the equation of the plane by D, we have 

I) B^ B 

or, smce tt = — > *C'» 
V a 

a c 

From this form of the equation it is easy to find the 
equation of a plane passing through three points whose 
coordinates are given. For, putting in the successive values 
of X, y, and Zj three equations are given to find a, h, and c. 



EQUATION OF A SPHERE. 

155. If a sphere have its centre at the origin, and its 
radius equal to r, then for any point oa its surtace 

This is the equation to the sphere ; and this will not be 
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changed, no matter how the axes are drawn through the 
centre as origin provided that they are rectangular. 

If the origin be not at the centre, then let three parallel 
axes be drawn through the centre, and the equation of the 
sphere referred to them is 

To transform this to the given axes, we must for x substi- 
tute x-{-a; for y substitute y + h] and for z substitute 
z-\-c; where a, &, and c are the coordiaates of the centre 
referred to the given axes. 
The equation becomes 

x^+y^-^z^+Ax-\-Byi-Cz-\-D = 0. 



or 



This is the general form of the equation to the sphere 
(cf. general form .of the equation to the circle in Article 

40). 



EQUATION TO A RIGHT CONE. 

16G. Let the generating 
angle of the cone be a ; and 
let it be described round the 
axis of z as its axis of revolu- 
tion, and let the origin be at 
the vertex. If P be any point 
on the surface of the cone, its 
coordinates being x, y, and z, 
a plane through P parallel to 
the plane of xy will make an 
intercept on the axis of z 
equal to the z of the point P. 
Let r be the distance of P from 
the origin, then 

r cos a = «, or r = z sec a. 

Therefore r* = 2^ sec' a, 

or «' + !/' + «' = 2^(1 + tan' a), 

or aj'+/ = z'tan' a. 




ANALYTICAL GEOMETEY OF THREE DIMENSIONS. 135 

Therefore a?-\-y^ =^ Ji^z^ represents a right cone whose 
vertex is at the origin, whose axis is the axis of «, and 
where k is the tangent of the generating angle. 



Examples. 

1. Find the angle between the straight lines whose 
direction cosines are proportional to 1, 2, 8, and to 2, 8, 6. 

[Ans. cos"^ — /^^. 
v/l7 

2. Find the angle between the straight lines whose 
direction cosines are proportional to 1, 2, 3, and to 5, — 4, 1. 

[ J.W5. A right angle. 

3. Find the equations of the straight line passing through 
the point (1, 2, 3), and whose direction cosines are pro- 
portional to v^3, 1, and 2^/3. 

r A ^ — 1 n ^ — 3 

4. Find the equations to the sides of the triangle the 

coordinates of whose angles are (1, 2, 3), (3, 2, 1), and 

(2, 3, 1). 

. aj—l 3—2 o 

Ans. -^=_^, y = 2; 

3-a; = 2/-2, z = l; 
a;-l=i/-2=-^. 

5. Find the angles of the triangle. [Ans. 60°, 90^ 30°. 

6. Also the equation of the plane of it, and the length 
of the normal. [Ans. x+y + z = 6; ndrmal = 2y/d. 

7. Find the equation of the plane perpendicular to the 
plane a; -f- 2y -f 3^ = 8, and passing through the point 
(1, 2, 3). [Ans. 6x + 'Sy-j-2z = 18. 

8. In the equation to the cone, find what takes place 
when the generating angle becomes 0, or 90°. 
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9. A point movefl so that the ratio of its distances from 
two fixed points is constant ; find its locus. 

l^Ans, A sphere. 

10. A point moves so that the straight lines joining it to 
two fixed points are at right angles, find its locus. Let the 
points be (3, 7, 4) and (5, 3, 6) ; find the equation. 

{^Ans, A sphere with the straight line joining the 
given points as diameter. 
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APPENDIX I. 



A COLLECTION OF USEFUL PROBLEMS AND THEOREMS 
ON THE STRAIGHT LINE AND CIRCLE, WITH HINTS 
FOR THEIR SOLUTION. 



I. Find a point in a straight line sncb that the straight 

lines joining it to two given points shall make equal angles 

with the given straight line; and shew that the sum of 

these two straight lines is less than the sum of the straight 

lines from any other point in the given straight line to the 

two given points. 

From one of the given points let fall a perpendicular on the given 
straight line, and produce it on the other side till equal to itself; join 
its extremities with the other given point : the point where the join- 
ing line cuts the given straight line is the point required. 

II. Draw through a given point between two straight 
lines which are not parallel a straight line which will be 
bisected in that point. 

Draw from the given point two straight lines parallel to the given 
straight lines ; draw the diagonal of the parallelogram so formed : a 
straight line parallel to it through the given point is the required 
straight line. 

E 
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m. Prove that the three straight lines from the angles 
of a triangle to the middle points of the sides meet in a 
point, which cnts one-third of each above the sides. 

If two bisectors of the sides are drawn, it may be shewn without 
difficulty that each cuts one-third of the other from the sides : from 
this it follows at once that they meet in a point. 

rV. The areas of the three triangles, with this point as 
common vertex and the sides of the triangle as bases, are 
equal. 

For each is obviously one-third of the whole triangle. 

V. If from any point in the plane of a parallelogram 
straight lines be drawn to the extremities of two sides and 
a diagonal that are center minons, of the triangles so 
formed with this point as vertex that whose base is the 
diagonal will be equal to the sum or difference of the two 
whose bases are the sides, as the point is outside the 
parallelogramj or inside it, or between these or the other 
two sides produced. 

Take the straight line joining the given point and the angle of the 
parallelogram as the common base of the three triangles, and compare 
the lengths of the perpendiculars of the triangles on this common 
base. 

YI. The difference of the squares of the sides of a tri- 
angle is equal to twice the rectangle between the base and 
the segment from the middle point of the base to the foot 
of the perpendicular on it. 

For the difference of the squares of the sides is equal to the differ- 
ence of the squares of the segments of the base made by the perpen- 
dicular, and tiiis is equal to the rectangle under the sum and difference 
of the segments. 

VII. The sum of the squares of the sides of a triangle is 
equal to twice the square of half the base together with 
twice the square of the 'straight line joining the middle 
point of the base with the opposite angle. 

This follows at once from Euclid, Book II., Props. 12 and 13. 

VIII. The sum of the squares of the sides of a quadri- 
lateral figure is equal to the sum of the squares of the dia- 
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gonals together with four times the square of the straight 
line joining the middle points of the diagonals. 

Join, the middle point of one of the diagonals with the opposite 
angles, and apply the preceding proposition to the two triangles into 
which this diagonal divides the quadrilateral. 

IX. The square of any straight line drawn from the 

vertex to the base of an isosceles triangle is less or greater 

than the square of the side of the triangle by the rectangle 

under the segments of the base, as the straight line cuts 

the base internally or externally. 

For the difference hetween the squares of the line and the side is 
equal to the difference of the squares of the segments on the base from 
the foot of the perpendicular, and this is equal to the rectangle under 
the sum and difference of those segments. 

X. The sum of the perpendiculars from any point in an 

equilateral triangle is constant. If the point be outside 

the triangle, the difference between one perpendicular and 

the sum of the other two is the same constant. 

For the sum of the triangles with this point as vertex and the sides 
as bases, or the difference between one of these triangles and the sum 
of the other two, is the original triangle. 

XI. Given the base, vertical angle, and (1) area, or (2) 

the difference, or (3) the sum of squares of sides, construct 

the triangle. 

A segment of a circle described on the given base, and containing 
an angle equal to the given vertical angle, is one locus of the vertex ; 
if the area is given, a straight line parallel to the base is another locus 
of it ; if the difference of the squares of the sides is given, then let the 
base be cut so that the difference of the squares of the segments be 
equal to the given difference, and a perpendicular at the point of sec- 
tion is the other locus ; if the sum of the squares of the sides be given, 
a circle with centre at the middle point of the base, and radius of such 
length that twice its square together with twice the square of hal f the 
base is equal to the given sum, is the other locus — compare Prop. VJJL. 
— ^and the intersection of the two loci determines the vertex. 

XII. Given base, vertical angle, and (1) sum, or (2) dif- 
ference of sides, construct the triangle. 

On the given base describe a segment of a circle containing an 
angle equal to half the given vertical angle ; from one extremity of 
the base inflect on the segment a straight line equal to the given sum ; 
or if the difference is given, on the base describe a segment contain- 



140 APPENDICES. 

ing an angle equal to the supplement of half the supplement of the 
given yertical angle, inflect on this a straight line equal to the giyen 
difference ; the rest is easily done. 

N.B. — The student should ohserve when these oonditionB make the 
triangle a TtiftTimnTn^ a minimum, or impossible. 

XIII. Given the yertical angle of a triangle and the snm 
of the two sides containing it, and that the perpendicular 
or the bisector of the angle or that of the base passes 
through a given point, &c., construct the triangle. 

Take on the sides of the angle lengths each equal to half the giyen 
sxmi, describe a circle touching the sides in these two points, the base 
must touch this circle, &c. 

XIV. What is the condition that a quadrilateral can 
have a circle inscribed in it ? 

The sums of the opposite sides must be equal. 

XY. The perpendiculars from the angles of a triangle on 
the sides meet in a point. 

Draw two of them, and join their intersection with the third angle, 
and produce it to meet the third side ; a semicircle on this side will 
pass through the feet of the two perpendiculars ; also a circle will pass 
through the feet of these two perpendiculars, their intersection, and 
the third angle : by these two circles the proposition may be easily 
proved. 

XVI. To describe a circle that shall pass througb two 
given points, and touch (1) a given straight line, or (2) a 
given circle. 

(1) Join the points, and produce the joining line to meet the given 
line, and from the point where they intersect take a length on the 
given line such that its square shall be equal to the rectangle under 
the distances of the given points from the point of interseetion : the 
circle through the given points and the point so found is that re- 
quired (Euc, Book III., 37). 

(2) Describe any circle through the given points to cut the given 
circle, produce the common chord of these circles to meet the straight 
line joining the given points, and from the point of intersection draw 
a tangent to the given circle : a circle through the given points and 
the point of contact of this tangent is that required. 

XVII. To describe a circle that shall touch a given circle 
and a given straight line in a given point. 

Draw a radius of the circle perpendicular to the given straight line. 
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and join the extremity of this radius with the given point : where this 
joining line meets the circumference again is the point where the re- 
quired circle will touch the given circle. 

XVin. To describe a circle that shall pass throngh a 
given point and tonch two given straight lines. 

Join the given point with the intersection of the given straight 
lines, describe any circle touching the two given straight lines, join 
itA point of contact with the point where it cuts the straight line join- 
ing the given point and the intersection of the given straight Imes : 
a straight line from the given parallel to the line so found, to meet 
one of the given lines, will give the point in which the required circle 
will touch that straight line. 

XIX. To draw a common tangent to two given circles. 

Join the centres, and on the joining line describe a semicircle ; in- 
flect in this, from the centre of the greater circle, a straight line equal 
to the difference or sum of the radii ; join this with the centre of the 
othelr circle : this joining line will be parallel to the required common 
tangent. 

N.B. — The last four problems have each two solutions. 

XX. Find the locus of points £rom which eqnal tangents 
can be drawn to two given circles. 

It can be easily seen that this is equivalent to finding the locus 
of points ; the difference of the squares of the straight lines joining 
them with the centres is equal to the difference of the squares of 
the radii. This is called the radical axis of the circles. 

XXI. If from any point on the arc of a circle perpen- 
diculars be ' let fall on the bounding radii, the distance 
between their feet is constant. 

For it subtends a fixed angle (the angle between the bounding radii) 
in a constant circle whose diameter is the radius of the arc. 

XXII. If a circle roll inside one of double the radius, 
any point on it will describe a diameter of the fixed circle. 

Take any position of the rolling circle, and through any point on it 
draw a diameter of the fixed circle, the arcs of both circles from the 
points where this diameter meets them to the point of contact may be 
easily shown to be equal ; and from this the proposition can be proved. 

Gob. — A ladder is gradually raised against a wall, the locus of its 
middle point is easily seen to be a quadrant drawn from the foot of 
the wall as centre, with radius equal to half the length of the ladder^ 
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XXm. Given two points and a straight line, find the 

point where the given points subtend the greatest angle. 

Describe a circle through the two given points to touch the giyen 
straight line (Prop. XYI.) : the point of contact is that required. 

XXTY. Find the locus of points dividing in a given ratio 
the straight lines drawn from a given point to a given 
straight line. 

XXV. Find the locus of points dividing in a given ratio 

(1) the chords drawn from a point in the circumference of 

a circle ; (2) the straight lines from any given point to the 

circumference of a circle. 

(2) Draw from the given point a diameter of the circle ; cut the two 
segments of it from the point to the circumference in the given ratio : 
the circle on the portion between these points of section as diameter is 
the required locus. (1; Is obvious. 

XXVI. If the vertical angle of a triangle be bisected, the 
rectangle under the sides is equal to the rectangle under 
the segments of the base together with the square of the 
bisector of the vertical angle. 

Circumscribe the triangle, and produce the bisector to meet the cir- 
cumference of the circle, and join that point with either extremity of 
the base. Then there are two similar triangles, — one formed by one 
side, the bisector, and segment of base ; the other formed by the bisector 
produced, the other side, and the joining line : from this the proposition 
follows. 

XXVII. The rectangle under the sides of a triangle is 

equal to the rectangle under the perpendicular on the third 

side, and the diameter of the circumscribing circle. 

Draw the diameter from the angle from which the perpendicular is 
drawn ; join the other end of the diameter with either extremity of 
the base. Then there are two similar triangles formed, as in previous 
proposition. 

XXVIII. The rectangle under the diagonals of a quadri- 
lateral inscribed in a circle is- equal to the sum of the 
rectangles under the opposite sides.. 

Draw a straight line at an angle of the quadrilateral making with 
one side an angle equal to that made by the conterminous diagonal 
and the other conterminous side. From two Sets of similar triimgles 
thus formed the proposition can be proved. 



r 
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XXIX. If from any point on the circumference of a 
circle perpendiculars be let fall on the sides of a quadri- 
lateral inscribed in it, the products of the perpendiculars 
on the opposite sides are equal. 

Join the feet of the perpendiculars on the adjacent sides : by this 
two similar triangles are formed, fi:«m which the proposition follows. 

N.B.— From this a very easy method of finding the equation to the 
circle described on the straight fine joining two given points as diameter 
can be deduced. Let the given points be (arj, ^j), and (j-j, yj), and let 
(xy y) be any point on the circle ; draw through the given points 
straight lines parallel to the axes, these wiU form a rectangle inscribed 
in the circle. By this proposition, we have 

which is the equation to the circle. See Chapter V. 

XXX. (1) Inscribe a square in a triangle ; and (2) show- 
that its side is half the harmonic mean between the base 
and perpendicular of the triangle. 

^1) At the extremity of the base draw a perpendicular equal to it, 
ana join its extremity with the vertex ; where this joining line cuts 
the base, draw a perpendicular to meet the side, that will be a side of 
the square. (2) The ratio of the base of the triangle to the perpen- 
dicular is manifestly equal to the ratio of the side of the square to the 
perpendicular minus the side of the square. 

XXXI. Given base and ratio of the sides, find the locus 
of the vertex of the triangle. 

Since the bisectors of the internal and external vertical angle cut 
the base and the base produced in the given ratio, and include a right 
angle between them, the vertex must lie on a semicircle on the segment 
between the points of section so found. (Euc, Bk. VI., Prop. 3.) 

XXXII. If the vertical angle of a triangle be bisected 
internally and externally, the segments of the base measured 
either from the point of external section, or from the 
extremity of the .base remote from that point, will be in 
harmonical progression. 

This follows also from Euc, Bk. VI., Prop. 3 and Cor. : taking this 
definition of harmonic progression, the first is to the third as the 
difference between the first and second is to the difference between 
the second and third. 

XXXIII. If a straight line be cut harmonically, and the 
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angle contained by the straight line drawn from any point 
to an extremity and one point in the line be bisected by 
the straight line drawn to the other point in the line, then 
this straight line will be at right angles to the straight 
line drawn to the other extremity of the line. 

XXXIV. If a straight line drawn across four straight 
lines that meet in a point be cut by them harmonically, 
then, every other straight line drawn across them will be 
cat harmonically. 

Let be the point in which the four lines meet, and A, B, C, D 
the points in which the given straight line is cut harmonically hy 
them, and -4', J5', C, Df the points in which any other straight line 
is cut by them ; then (Euc, Bk. VI., Prop. 23) the triangle 

AOB : A'OJB*^ AO.OB : A'O . OB*; 

and COB : COIf^ CO , OB \ CO . OB' ; 

AOB X COD AO,BO .CO . BO 



Similarly 



A'OB' X COB' " A'O . B'O . CO . B'O' 

BOCxAOB ^ AO,BO, CO. BO 
B'OC X AfUB' "" A'O . B'O . CO . B'O' 

AOB. COB BOC.AOB 



A' OB'. COB' B'OC. A' OB'' 

and (Euc, Bk. VI., Prop. 1) 

A B .CB BC.AB . 
A'B'. CB' " B'O'. A'B' ' 

or the proportion in which the line A'B'CB' ia cat, ia the same as 
that in which ABCB is cut. 

XXXV. If a straight line drawn parallel to one of fonr 
straight lines that meet in a point has intercept between 
the first and third bisected by the second, all the straight 
lines meeting those fonr will be cut harmonically. 

Diaw any straight line through the point where the line parallel to 
the fourth is bisected by the second ; then (Euc, Bk. VT., Prop. 2), 
the segments of that line will be found to bear to each other the ratio, 
of the intercept made on the fourth to the two equal intercepts of the 
line parallel to the fourth ; t.e., the whole line to the first segment as 
the uurd segment to the middle or second segment. 
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XXXYI. If from any point in a straight line tangents 
be drawn to a given circle, the chords of contact will pass 
throngh a fixed point. 

XXXVII. If throngh any point in a circle chords be 
drawn, the tangents at the extremities of each of them will 
intersect in a straight line. 

For these two examples see Art. 49, Chapter Y. 



APPENDIX II. 

COURSE OF ELEMENTARY PROPOSITIONS ON SOLID 
GEOMETRY, WHICH MAY BE SUBSTITUTED FOR 
THOSE IN THE ELEVENTH BOOK OF EUCLID. 

ITht deJinitioM of that Book are assumed, and where the propositions 
udnUt of the same proof it will be indicated. 



I. Only one plane can be drawn through — 

(a) three points not in a straight line ; 

(b) two intersecting straight lines ; 

(c) two parallel straight Unes. 

This ifl easily seen hy supposing a plane to pass through one pair of 
points, on one straight line, and revolving to pass through or intersect 
the other. 

XL Two planes intersect in a straight line. 
Euclid, Book XL, Prop. 3. 

III. If a straight line is perpendicular to straight lines 
at their intersection, it is perpendicular to any straight line 
in their plane. 

ThiB may he much more easily proved than in Euclid, Book XI., Prop. 
4, by taking equal lengths on the perpendicular above andhelowthein- 
tersection, and joining its extremities with points in the given lines and 
where the line joining the given point cuts any line in the plane through 
the intersection of the given lines ; and then using the same method. 
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rV. There cannot be two perpendiculars to the same plane 
from the same point. 

Euclid, Book XI., Propi. 13. From a point above the plane it evi- 
dently follows from Euclid, Book I., Prop. 16. 

V. If two straight lines are perpendicniar to the same 
plane, they are parallel to each other. 

Euclid, Book XI., Prop. 6. 

VI. Through a given point only one plane can be drawn 
parallel to two giyen straight lines. 

For if through the point two straight lines be drawn parallel to the 
given lines, only one plane can be drawn through these Unes. See 
above, Prop, 1. (b), 

yn. Planes to which the same straight line is perpen- 
dicular are parallel. 
Euclid, BookJSl., Prop. 14. 

Vin. If two parallel planes are intersected by a third 
plane, then common sections are parallel straight lines. 
Euclid, Book XI., Prop. 16. 

IX. If two straight lines be cut by parallel planes, they 
are cut in the same ratio. 

Euclid, Book XI., Prop. 17. Definition. — ^The projection of a point 
on a plane is the foot of the perpendicular let fall from the point 
on the plane. Hence the projection of a straight line is the locus 
of the feet of the perpendiculars let fall from any point in that straight 
luxe on the plane. 

X. The projection of a straight line is a straight line. 

XI. The angle which a straight line makes with its pro* 
jection on a plane is less than that it makes with any other 
straight line in the plane. 

Let the line and its projection be produced to meet ; take any point 
on the line, and any point on its projection, and a point equally distant 
on any straight line in the plane through the intersection of the line 
and projection. Joining these two points with the point on the 
straight line, it may easily be shewn (Euclid, Book I., Prop. 25) 
that the angle between the line and its projection is the least. 
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XII. Given two straiglit lines in space not in tlie same 
plane, draw the common perpendicular, and prove that it 
IS the shortest distance between them. 

Through the first straight line draw a plane parallel to the second ; 
from any point in the second let fall a perpendicular qn the plane ; 
through its foot draw a straight line parallel to the second to meet the 
first : from this the common perpendicular is drawn. 

Xm. If a solid angle be contained by three plane angles 
meeting in a point, any two of them are greater than the 
third 

Euclid, Book XI., Prop. 20. 

XIY. Every solid angle is contained by plane angles 
which are together less than four right angles. 

Euclid, Book XI. Prop., 21. 

,XV. There are only five regular solids. 

For the only regular rectilineal figures whose angles can he put 
together to make a solid angle are — (1) three equilateral triangles; 
(2) three squares ; (3) four equilateral triangles ; (4) three regular 
pentagons ; (5) five equilateral triangles. (There cannot he more, as 
the sum of the plane angles must be together less than four right an- 
gles.) These form respectively the solid angles or vertices of (1) a 
tetrahedron (four sides) ; (2) a cube (six sides) ; (3) an octahedron 
(eight sides) ; (4) a dodecaJiedron (twelve sides) ; (5) an icosahedron 
(twenty sides.) 

XVI. The square of the diagonal of a rectangular 
parallelepiped' is equal to the sum of the squares of its 
three edges. 

XVII. The volume of a pyramid is one-third of the pro- 
duct of its base and altitude. 

Taking triangular pyramids (into which every pyramid can be 
divided), it can be shewn that those with equal bases and altitudes 
are equal ; for they may be divided into an infinitely g^eat number of 
equal prisms by planes parallel to their bases. 

These triangular prisms may be divided into three triangular pyra- 
mids of equal bases and altitudes, and therefore of equal volume. 
Thus, let ABC be the base of the prism, and i>, E, F the top, the 
three pyramids are (making the vertex the last letter) ABCE, I>BFO^ 
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AECD. And a triangular pyramid can be made into a prism of the 
same base and altitude of three times the volume. As the volume of 
the prism is equal to the product of the base and altitude, the volume ' 
of the pyramid is one-third of that. 



The stadent should write out full demonstrations of these proposi- 
tions from the hints given. 
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Back Sets, f'rpm the year 1860 to 1877 inclusive, are still to be had. 

In 8vo, cloth lettered, price Ss. 

LECTURES ON EDUCATION; DeHvered before 
the Members of the College of Preceptors in the year 1871, and pub- 
lished by order of the Council.— 1. The Science and Art of Education ; by 
Joseph* Payne, F.C.P. ;— 2. The Teaching of the English Language ; by the 
Rev. E. A. Abbott, M.A. ;— 8. The Teaching of the Classics ; by the Bev. 
G. A. Jacob, D.I».;— 4. The Tesichiiig of Physical Science; bvFrof. G. C. 
Foster. F.R.S.. W. G. Auams,. J. M. Wilson, M.A.; 5. The IVacbing of 
Arithujetic; by Rev. W. H. GiKDLEbiONii, M.A. ; ti. 'Ihe Teaching ol Chem- 
istry ; by Prof. Eabff, M.A. 



Pnblislied by C. F. HODOSOV h SOS, Qongh. Square, Fleet Street 

T^OBKB BY J. WHABTON. M.A. 

Ninth Edition, 12mo, cloth, price 28. ; or with the Answers, 2s. 6d. 

LOGICAL ARITHMETIC? being a Text-Book 
for Class Teaching; and comprising a Course of Fractional and Pro- 
portional Arithmetic, an Introduction to Logarithms, and Selections 
from the Civil Service, College of Preceptors, and Oxford Exam. Papers. 

ANSWERS TO THE QUESTIONS IN THE 

LOGICAL ARITHMETIC. 12mo, price 6d. 

Thirteenth Edition, 12mo, cloth, price Is., 

EXAMPLES IN ALGEBRA FOR JUNIOR 

CLASSES. Adapted to all Text-Books ; and arranged to assist both tha 
Tutor and the Pupil. 

Third Edition, cloth, lettered. 12mo, price Ss., 

EXAMPLES IN ALGEBRA FOR SENIOR 

CLASSES. Containing Examples in Fractions, Surds, Equations, Pro- 
gressions, Ac, and Problems of a higher range. 

THE KEY; containing complete Solutions to the 

Questions in the "Examples in Algebra for Senior Classes," to Qua- 
dratics inclusive. 12mo, cloth, price 3s. 6d. 



In half-yearly Volumes, 8vo, price 6s. 6d. each. (To Subscribers, price 5s.) 
Vols. I. to XxYIII. are already published. 

MATHEMATICAL QUESTIONS, with their 
SOLUTIONS, Reprinted from the EDUCATIONAL TIMES. 
Edited by W. J. Millee, B.A. 
This Reprint contains, in addition to the Mathematics in each number of 
the Educational Times, about as much more original matter. Any one of 
the volumes can be had direct from the Publishers on the enclosure of 6s. 6d. 
in Postage Stamps. New Subscribers can have the back Volumes at Sub- 
scription price, 6s. Sd. including postage. 



P 



In 8vo, cloth, lettered. 

ROCEEDINGS OF THE LONDON MATHE- 
MATICAL SOCIETY. 

Vol. I., from Janusry 1866 to November 1866, price 10s. 
Vol. II., from November 1866 to November 1869, price 16s. 
Vol. III., from November 1869 to November IS71, price 20s. 
Vol. IV., from November 1871 to November 1873, price 31s. 6d. 
Vol. v., fix)m November 1873 to November 1874, price 21s. 
Vol. VI., from November 1874 to November 1876, price 21s. 
Vol. VII., from November 1875 to November 1876, price 2Is. 

Demy 8vo, price 6s. each. 

TRACTS relating to the MODERN HIGHER 
MATHEMATICS. By the Rev. W. J. Weight, M.A., late Professor 
of Mathematics at Wilson College, Pennsylvania, U.S. 

Tkact No. 1.- DETERMINANTS. 

„ No. 2.— TRILINEAR COORDINATES. 



Royal 8vo, price 7s. 6d. 

LECTURES ON THE ELEMENTS OF APPLIED 
MECHANICS. Comprising (1) Stability of Structures ; (2) Strength 
of Materials. By Mobgan W. Cbofton, Professor of Mathematics and 
Mechajiics at the Royal Military Academy, Woolwich. 



Pnblifllied by C. 7. HODOSOV 6 SON, Qongh Square, Fleet Street. 

Small crown 8vo, cloth, lettered, price 2s. 6d. 

Fourth Edition, revised, corrected, and enlarged. 

AN INTBODUCTORY COURSE OF 

PLANE TRiaONOMETRT 

AND LOGARITHMS. 
By JOHN WALMSLEY, B.A. 

Opinions of the Press. 

" This book is carefully done ; has fuU extent of matter, and good store of 
examples." — Athenaum, 

"■ This is a carefully worked out treatise, with a very larve collection of 
well-chosen and well-arranged examples." — Papers for the Schooltnaster. 

"This is an excellent work. The proofs of the several propositions are 
distinct, the explanatioTis clear and concise, and the general plan of arrange- 
ment accurate and methodical." — 27ie Museum and English Journal qf 
Education. 

'* The explanations of logarithms are remarkably full and clear .... The 
several parts of the subject are, throughout the work, treated according to 

the most recent and approved methods It is, in fact, a book for begin- 

ners, and by far the simplest and most satisfactory work of the kind we nave 
met with.**— Educational IHmes. 

Price Five Shillings, 

And will be supplied to Teachers and Private Students only, on appUeoHon 
to the Author or Publishers, enclosing the vxjll price; 

A KEY 

to the above, containing Solutions of all the Examples therein. These 
number seven hum/ red and thirty, or, taking into account that many of them 
are double, triple, &c., about nine hundred; a large proportion of which are 
taken from recent public examination papers. 



Just Published, extra fcap. 8vo, price 4s. 6d. 

ELEMENTARY MANUAL OF COORDINATE 
GEOMETRY AND CONIC SECTIONS. By Rev. J. White, M JL., 
Head Master of the Oxford Military College, Cowley. 

8vo, price Five Shillings. 

ALGEBRA IDENTIFIED WITH GEOMETRY, 
in Five Tracts :—l. Euclid's Conception of Ratio and Proportion; — 
2. "Camot's Principle" for Limits;— 8. Laws of Tensors, or the Algebra of 
Proportion ;— 4. Laws of Clinants, or the Algebra of Similar Triangles Lying 
on the Same Plane;— 5. Stigmatic Geometry, or the Correspondence of 
Points in a Plane;— with one photolithographed Table of Figures. By 
AiJBXANDBB J. Ellis. F.R.S., F.S.A. 

Also, by the Same Author, 

HOW TO TEACH PROPORTION WITHOUT RE- 

SPECT TO COMMENSURABILITY, with Notes on Collateral subjects. 
8vo, price Is. 

8vo, price 6d. 

ON TEACHING ARITHMETIC AFTER THE 
METHOD OF PBSTALOZZI. By Waltbb McLbod, F.R.G.8., F.C J>.. 
late Head-Master, Model Schools, Royal Military Asylum, Chelsea. 
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